THE SCALING LIMIT OF LOOP-ERASED RANDOM WALK IN THREE 

DIMENSIONS 
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Abstract. We show that the scaling limit exists and is invariant to dilations and 
rotations. We give some tools that might be useful to show universality. 



Contents 

1. Intr(,)du(;:ti(,)n| 2 

1.1. Sketch of the proo3 4 
T'2~^Aboutth^^ettinga 6 

1.3. Acknowledgement.^ 7 

L4^,^r£liminari£g 7 

2. Euclidean nets| 10 
2J^^ark groimd on rough isometriesi 10 

2.2. Definition! 12 

2.3. Harnack's ineaualityl 12 

^ 14 

2.5. The discrete Beurhne projection in three dimensions! 19 

2'6~^ntersecti^nprobabi 20 

3. Isotropic eraphl 25 

3.1. Preliminaries 25 

^j^^ax^kgr gund on the non-intersection exponenJ 25 

3.3. Definition! 27 

3.4. Couplin g with Brownian motion! 27 

3.5. Hittine of small balls! 32 

3.6. Escape probabilitie.j 35 

^^T^^j^l^grbgundf gr the non-intersection probability! 39 

^ 43 

4. Ouasi-loops! 45 

4.1. Cut times! 45 

4.2. Conditioned random wa li 52 

4.3. Wiener's shell tes^ 56 

4.4. Hittable sets! 61 

4.5. Proof of theorem 4 in three dimensions! 65 
^^^^^^^^^^^^^^^^^^^^^^^^siong 69 

4.7. Continuity in the starting poin 3 69 
^^^^ggtr^gi^jntgrgglatign! 70 
^J^^liMng_ probabilities! 70 
5.2. Definition! 77 



THE SCALING LIMIT OF LOOP-ERASED RANDOM WALK IN THREE DIMENSIONS 



2 



5!4~''Thelimitproces3 83 



6~^xamplesl 87 



6.1. Invariancd 93 
Referenced 94 



1. Introduction 

Loop-erased random walk (LERW) is a model for a random simple path, cre- 
ated by taking a simple random walk and, whenever the random walk hits its 
path, removing the resulting loop and continuing. See section [T31 for a precise 
definition. It is strongly related to the uniform spanning tree (UST), a random 
spanning tree of a graph G selected uniformly between all spanning trees of G: 
the path in the UST between two points is distributed like a LERW between them 
IP91I . and further, the entire UST can be generated using repeated use of LERW 
by Wilson's algorithm | W96 1. Both models, and the connections between them are 
interesting on a general graph, but we shall be most interested in lattices on R'^ 
and open subsets thereof, in which case these models arise naturally in statistical 
mechanics in conjunction with the Potts model. 

Of all the non-Gaussian models in statistical mechanics, LERW is probably 
the most tractable. Above five dimensions, it can be analyzed using the non- 
intersections of simple random walk directly IL91I chapter 7] giving an easy proof 
that the scaling limit is Brownian motion. In 4 dimensions a logarithmic correction 
is required LL95 1, and that too has been proved with no use of the difficult tech- 
nique of lace expansion (see IBS85I lHvdHS03l for lace expansion). Borrowing a 
term from physics we might say that the upper critical dimension for this model is 4. 
In 2 dimensions, LERW is conf ormally invariant in the limit as the lattice becomes 
finer and finer. This allowed physicists to make precise conjectures about frac- 
tal dimensions, critical exponents and winding numbers [092 M92|. Rigorously, 
3 different approaches proved fruitful: the connection to random domino tilings 
IKOOallKOObI , the connection to SLE |LSW04a], and the approach we will pursue 
in this paper, fK^. In fact, SLE was discovered |S00| in the context of LERW. 

Attempts to understand LERW in dimension 3 focused mainly on the number 
of steps it takes to reach the distance r. Physicists conjecture that it is ~ and 
did numerical experiments to show that ^ ~ 1.62 ± 0.01 IGB90I . Rigorously the 
existence of ^ is not proved (so we must talk about an upper and lower exponents 
C < 0/ and the best estimates knovm are 1 < ^ < |^ < 5/3 IL99I . LERW has no nat- 
ural continuum equivalent in dimensions smaller than 4 — Brownian motion has 
a dense set of loops and therefore it is not clear how to remove them in chronolog- 
ical order. In two dimensions the scaling limit is radial SLE 2, but it is not clear if 
this can be interpreted as a "Brownian motion with loops removed". For example, 
take a coupling of Brownian motion and SLE 2 which is the scaling limit of the 
couple (i?, LE(i?)) — it is not proved that this limit exists, but for the purpose of 
the discussion we may assume it does or alternatively take a subsequential limit. It 
is not known whether in that coupling the SLE 2 path is a function of the Brownian 
path (I was informed of this question by O. Schramm). 
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Figure 1: A loop-erased random walk in three dimensions. Color indicates posi- 
tion on the curve (red to blue to green and back to red). 



In this paper we shall show that LERW has a scaling limit in three dimensions. 
More precisely we shall show the following theorem: 

Theorem 1. Let V ciR^ be a polyhedron and let a e P. Let P„ be the distribution of the 
loop-erasure of a random walk onV f] 2~"1? starting from a and stopped when hitting 
dV. Then P„ converge in the space M{H{'D)). 

Here 7i(A') is the space of compact subsets of X with the Hausdorff metric, 
and is the space of measures on X with the topology of weak convergence 

(these, and a couple of other notations are explained in section IT^ . In general, 
the choice of topologies above is not canonical. For example, liLSW04aJ shows 
the existence of a scaling limit for LERW in two dimensions replacing TC above 
with the somewhat stronger topology of "minimal distance after optimal change 
of variables". However, for our techniques the Hausdorff metric is the natural 
choice. 1 believe that the tools that will be developed here can be used for a number 
of convergence questions for LERW (e.g. the existence of ^, the existence of the 
scaling limit on more general domains, and in stronger topologies, universality 
and so on). However, as this paper is long as it is, 1 chose to show only the simplest 
consequences: that the limit exists and is invariant to dilations and rotations. 

Since we are interested in scaling limits it might be useful to review quickly 
known results of this type. The archetypical example is of course the Donsker in- 
variance principle | RW94 page 16] stating that the scaling limit of simple random 
walk is Brownian motion in any dimension. As already remarked, in two dimen- 
sions the scaling limit of LERW is radial SLE 2, and a good deal of other discrete 
models have been shown to converge to SLE: critical percolation on the triangular 
lattice converges to chordal SLE 6 ISOIIISWOIII , the Peano curve of the UST con- 
verges to chordal SLE 8 ILSW04al , and the harmonic explorer converges to SLE 
4 ISSI . The case of the self- avoiding walk demonstrates the difficulties involved 
nicely: it has been proved that if the limit exists and is conformally invariant, it 
would be chordal SLE 8/3 ILSW04bl . but the existence of the limit is still open. 
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In high dimensions lace expansion has been used to show that the scaling limit of 
the self avoiding walk is Brownian motion IBS85IIHS92I , and that the scaling limit 
of percolation, oriented percolation and lattice trees is integrated super-Brownian 
excursion INY95v ,.DS98,. ,S99.. .vdHS03| . In intermediate dimensions much less is 
known. The discrete Gaussian free field converges to the continuum Gaussian 
free field and the Richardson model was shown to have a limit shape from subad- 
ditivity arguments in any dimension IR73J , and 1 cannot resist citing the beautiful 
work on branched polymers in dimension 3 IB103I . But these examples are the 
exception, not the rule. 

1.1. Sketch of the proof. The core of the argument is very similar to that of IkI . 
so let us recall the argumentation there. Let i? be a random walk on a "three 
dimensional graph" starting from a and stopped on the boundary of some domain 
v. Let B cVhe some (small) ball. We write 

LE(i?) = 71 U 72 U 73 

where 71 is the portion of LE(i?) until the first time when LE(_R) hits B. Notice 
that this is not the same as the loop-erasure of a random walk stopped on dBl 
72 is the portion of LE(i?) imtil the last time when LE(i?) is inside B, and 73 is 
the reminder (the precise form of this division is in the proof of lemma l5^ page 
I79> . Tracing the process of loop-erasure in V one sees that 71 does not depend 
on anything that happens inside B: when one knows all entry and exit points of 
R from B, and all the trajectories that R does outside B, one can calculate 71. In 
particular, if we compare random walks R^ and i?^ on graphs and G^, where 
G^ \ B = G^ \ B and inside B we have some estimate of the sort 

p\v)^p\v) (1) 

where is the probability of a random walk on to exit S in a particular 
vertex v, then we should have that 

This argument and the precise meaning of "~" are contained in lemma |5^ To 
make this argument work for 73, we have to use the symmetry of loop-erased 
random walk. 

Now, if 72 is large then we are in the situation that was coined in II50D1 a "quasi- 
loop", namely two close points on the path with a long way between them. In 
two dimensions it is possible to show that LE(i?) has few quasi-loops by tracing 
the process that creates them and seeing that it necessitates that a random walk 
that starts quite close to a loop-erased random walk will avoid hitting it for a long 
while. This, however, contradicts the discrete Beurling projection principle (see 
fR87J ) that states that a random walk starting near any path has a high probability 
to intersect it^. See | SOO lemma 2.1] or |k1 lemma 18]. Unfortunately this argument 
no longer holds in three dimensions. Random walk starting, say, in a distance n 
from a straight line, has a reasonable probability to intersect it only after extend- 
ing to a distance of n^, and even after the probability to not intersect the line 
only decreases logarithmically. In other words, in three dimensions not all paths 



Kesten's theorem is stronger, and claims that the minimum probability is achieved, up to a con- 
stant, for a straight line, in which case it can be estimated directly. However we will not need this level 
of accuracy. 
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are "hittable", and we have to show specifically that loop-erased random walk is, 
using facts about its structure. This will be done in chapter |4l and we shall show 
that the probability that a random walk starting near a loop-erased random walk 
will avoid hitting it decreases like a power law. This will allow to repeat the above 
argumentation in three dimensions, show that there are no quasi-loops and hence 
that LERW is similar on our and G'^. 

The proof that loop-erased random walk is hittable is based on searching for 
(local) cut times. A cut time for a random walk i? is a time t such that R[0,t]nR[t + 
1, cx3[ = 0. The number of cut times is connected to the non-intersection exponent: 
by considering the parts of i? up to t and from t on as two random walks, and 
reversing the first part, we see that it is important to estimate the probability that 
two random walks of length t will not intersect. This is w IL96bl where ^ is 
the famous non-intersection exponent of Brownian motion. See section l3^ for a 
description of this topic. Heuristically speaking, a set is "hittable" if its Hausdorff 
dimension is > 1, and the set of cut times has dimension 2 — ^ so the argument 
terminates by the well known fact that ^ < 1 in three dimensions LBL90b |. 

Once the fact that LE(i?) has no quasi-loops on either G^ or is established, 
we get that it is similar on these two graphs. Hence we can show that LE(i?) 
is similar on Z"^ and 2Z'^ by interpolating between them: dissecting into a grid 
of cubes of intermediate size, and at each step change one cube from Z"^ to 2Z'^. 
Hence all of the above discussion actually referred to graphs formed by cutting 
and gluing together cubes of these two graphs. 

Here are some corresponding reading recommendations: 

• If you are familiar with IK|, the part most interesting for you would prob- 
ably be the proof that there are no quasi loops. Read the definition of a 
Euclidean net (section 12.21 page El/ the definition of an isotropic graph 
(section page|23 and the statements of theorems 1^ and 01 (pages 06l 
andl39lrespectivelv) and jump directly to chapterBlfpageBSt. 

• If you are unfamiliar with [Kj, the part most interesting for you would 
probably be the proof core sketched above. Read the definitions of a Eu- 
clidean net and an isotropic graph as above; and the definition of a quasi 
loop and the statement of theorem l4l (page I45> . Then jump directly to 
chapter 151 (pagelTUt or even to section l5^ (pagel771. 

• If you are the kind of person who prefers explicit examples to generaliza- 
tions, start with chapterl6l(paee l87l and read a few examples of isotropic 
graphs and isotropic interpolations. Then you can read the rest of the pa- 
per keeping in mind that an "isotropic graph" is really cubes of Z'^ and 
2Z'^ (and other variations) cut and sewn together so that random walk 
would behave like Brownian motion. Section l6Al also contains the proof 
of the invariance of the scaling limit to dilations and rotations. 

• Chapters 121 and Is] are mostly recommended for students and non-special- 
ists. Chapter|2lconsists mostly of citing well known connections between 
rough isometries, heat kernel decay, Harnack inequality and similar top- 
ics. In chapter |3] we are forced to replicate the results of Lawler IL96bl 
in our settings. Roughly we show that a relatively simple estimate of hit- 
ting probabilities allow to couple random walk and Brownian motion and 
then Lawler 's argument goes through almost imchanged, giving that on 
the graphs that interest us random walk has many cut times. 
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Finally I wish to point out how this paper improves over [KJ in the two dimen- 
sional case. The use of a computer to calculate precise estimates for the harmonic 
potential on 1? fKS04'l and on "hybrid graphs" has been made completely unnec- 
essary by the use of electrical conductance techniques (see lemma l23t . The use of 
"nice rectangles" to ensure that hitting probabilities are comparable was replaced 
by a multi-scale application of Harnack's inequality together with a coupling ar- 
gument (and in particular we use spheres throughout rather than rectangles). See 
lemmas l3.5H3.6l and l5. Itj53l Here the representation is of comparable length, but 
is possibly less cumbersome. Finally, the proof here of the final limit process is 
much shorter and simpler. 

1.2. About the settings. The usual settings for these problems is that of a lattice 
in M''. However, as explained above, the proof has to cut and saw together dif- 
ferent graphs, and even if these graphs were to be grids, the intermediate objects 
we must handle would not be. Hence we need to understand random walks on 
graphs which are "similar" to Z''. It turns out that there are two important levels 
of similarity, which correspond to "metric" and "conformal" properties. 

Much effort has gone into understanding what properties of random walk are 
related to the metric structure only, or, more formally, are satisfied by any graph 
roughly isometric to Z'^ (see definition and backgroimd on paeellOt. However, one 
cannot expect LERW on a graph roughly isometric to "Z^ to converge to a limit 
independent of the graph. Indeed, the scaling limit of the random walk on the 
graph X 2Z is not Brownian motion but a stretched version of it. These are not 
identical — indeed, even their hitting distribution on, say, a sphere, differ, which 
implies that the scaling limit of LERW on Z'^ and Z^ x 2Z also differ. Hence we need 
some condition to ensure that locally the graph is not stretched in any direction. 
In other words, we need to preserve the conformal structure of M**. 

Properties related to the conformal structure are less well understood. The "in- 
variance principle", that is the fact that random walk converges to Brownian mo- 
tion, which is a conformal property, has been researched intensively, but it seems 
in different contexts than here. Hence we will use a definition of isotropic graph 
which is, to the best of my knowledge, new. These graphs will satisfy the invari- 
ance principle (this is more or less a tautology) and they preserve many properties 
which are not preserved by the metric structure alone, such as escape probabilities 
from a line, the non-intersection exponent, and so on. 

Our definition of an isotropic graph (see chapter |3) is definitely not the most 
general imaginable. There are at least two important examples which fall out 
of its scope. The first is a conformal map of a grid — for example the graph 
1?/{{a, b) ^ (—a, —6)} embedded into C via the map (a, 6) i-^ (a + ib)^. The sec- 
ond is random graphs, such as the Delaunay triangulation of a Poisson process or 
the infinite cluster of super-critical percolation. These graphs are not even roughly 
isometric to and yet are "isotropic" in some heuristic sense. For example, the 
percolation cluster is isotropic in the sense that it satisfies the invariance principle, 
see LDFGWH^ ISSOU IBBt MP 1 . 1 conjecture that the results here extend to these 
graphs, but will not complicate the paper by considering them. 

We shall prove theorem (and other results) in both the two and three dimen- 
sional cases. While the three dimensional case is the more interesting one, the two 
dimensional proof is not quite a subset of known results: it is proved for multiply 
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connected domains and for graphs more general than grids. However, at points 
the presentation of specifically two dimensional issues will be sketchy. 

1.3. Acknowledgements. Enormous thanks go to Itai Benjamini for many useful 
discussions, encouragements, and for pointing out to me the relevance of rough 
isometries and of the non-intersection exponent to this project. Many thanks go 
to Gidi Amir and Omer Angel for useful discussions, in particular with respect 
to counterexamples aroimd lemmas 12.111 and 12.121 Lemma 11.21 was discovered 
together with Omer Angel. 

This project was carried out while I was enjoying the hospitality of, in chrono- 
logical order, Universite Bordeaux I, The Weizmann Institute of Science (Charles 
Clore fund), Tel Aviv University and the Institute of Advanced Study in Prince- 
ton (Oswald Veblen fund). 1 wish to thank all these institutions, and especially 
A. Olevskii from Tel Aviv University who went to great efforts for me at unusual 
times. 

1.4. Preliminaries. A weighted graph is a couple (G, w) where G is a set and uj : 
G X G ^ [0, oo[ such that uj{v, w) = U!{w, v). We shall often call (G, uj) simply G 
and use uj only in the places it is needed. For v £ G the neighbors of v are the 
vertices w such that ui{v, w) > 0. We denote by v ^ w the neighborhood relation. 
We shall assume always that the number of neighbors of every vertex is bounded 
and that the graph has bounded zveights i.e. 

swpuj{v,w) < oo inf uj{v,w) > 0. 

We do not assume u!{v, v) = i.e. we allow self loops. 

A directed graph is a graph where uj{v, w) might be different from uj{w, v). We 
will only use directed graphs once, in section E3l Unless specifically marked "di- 
rected" everything below should be assumed to hold for undirected graphs only. 

For a subset X C G we denote by dX the external boundary, namely all vertices 
of G \ X with a neighbor in X. When this is not clear from the context, we shall 
denote dcX for the graph boundary and 9cont for the boimdary of subsets of M'^ in 
the usual sense. We write X = X (J dX. 

A path in a graph is a fimction 7 from {1, . . . , n} to G such that 7(71.) and 7(71 + 
1) are neighbors, n is the length of the path, denoted by 10117. If 7i ^rid 72 are 
two paths and 71(101171) is a neighbor of 72(1) (in which case we call 71 and 72 
"concatenatable") we shall define 71 U 72 to be the path of length Ion 71 + Ion 72 
obtained by concatenating them. It will be convenient to regard as a path of 
length and define 7U0 = 0U7 = 7. The notation 7 [a, 6] will be a short for 
the path of length b — a + 1 defined by 7'(i) = 7(0 + z — 1), and also for the set 
{'j{t) : t E [a,b]} (there will rarely be a need to differentiate between a path and 
its image). The same holds for other types of segments (open, half-open). We say 
that 7 is "between" 7(1) and 7(10117) and call G connected if there exists a path 
between any two vertices. 

A random walk on a weighted graph is a process R in discrete time such that 
R{t + 1) depends only on R{t) and 

P(i?(t +l)^w\ R{t) ^v) = Loiv) -Y.^i^'^w)- (2) 



THE SCALING LIMIT OF LOOP-ERASED RANDOM WALK IN THREE DIMENSIONS 



8 



P denoting the probability. We shall denote by E the expectation. When we shall 
need to specify the starting point, we shall do so using P" for the probability when 
R{0) ~ V, and similarly E". When we shall need to specify the graph, we shall do 
so using ¥q etc. Occasionally (as in the statement of theorem^ we will have a 
graph with an embedding in and the "starting point" would be an a e M.^. In 
this case we mean by P^. a random walk on G starting from the point of G closest 
to a (if more than one such point exist, choose one, say by lexicographic order). 

For a subset X <z G and a random walk R we denote hyT{X) the hitting time 
of X i.e. 

T{X) := mm{t > 1 : R{t) £ X} 

or oo if the set is never hit. If X ^ {x} we shall write T{x) as short for T{{x}). 
If d is some metric on G and if X = dB{v, r) where B{v,r) is a ball around v of 
radius r in the metric d, we will denote for short Ty,r T{dB{v, r)) (and assume 
the metric is clear from the context). Note that even if we start from v, T{v) is 
non-trivial since hitting is defined only for t > 1. 

Sometimes we will have a few independent walks denoted hy R^,R^, ... . In 
this case the corresponding stopping times will be denoted by T''-{X) and ^. 
Similarly we shall denote pi^^-^/'i' when we want to denote that R^ started from v 
while R^ started from w. 

The strong Markov property says that for any stopping time T the random walk 
after T behaves like a regular random walk. We shall often use it, say for an event 
E that depends only on what happened after T, in the form F{E) = EP^('^)(£'). 
Here E denotes expectation over the value of R{T). 

Random walk is symmetric in the sense that the probabilities to traverse a given 
path in one direction and in the opposite direction are equal up to the ratio of ui at 
the beginning and end. In particular we can sum over all paths of length t and get 

uj{v)F''{R{t) = w) =uj{w)r'"{R{t) =v) yt,v,w. (3) 

A similar argument shows that if v,w E A C G then 

u;{v)F^T{A) < oo, i?(r(A)) = w) ^ cj(w)P"'(r(A) < oo, i?(r(A)) v). (4) 

For a function / : G ^ R (or to any linear space over M) we define the (discrete) 
Laplacian of /, A/ by 

^-^ uj(v) 

A function / such that A/ is zero will be called (discretely) harmonic. If A/ is zero 
on a set A C G we shall call / "harmonic on A". Harmonic functions satisfy the 
maximum principle, i.e. a fimction harmonic on A attains its maximum in yl on the 
boundary dA. Harmonic functions are related to random walks by the following 
simple and well known fact: if / is harmonic on A and v G A then 

f{v)^e'{fiRiT{dAm. (5) 

For two sets A and _B in a metric space {X, d), we define their distance by 

diA,B):= inf dia.h). 

aeA,beB 
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li X e X we write d{x, A) as a short for d{{x}, A). The Hausdorff distance between 
A and B is defined by 

d-Ha.us{A, B) := max(sup d{a, B), sup d{b, A)). 

The diameter of a set is defined by 

dianiA sup d{a,b). 

a,b£A 

If the metric space has an addition structure, we will use the notation A + B for 
the Minkowski sum of the sets A and B i.e. 

A + B := {a + b : a e A,b e B}. 

In particular, if i? is a ball centered at then 

A + B{Q, r) = {x : d{x, A) < r}. 

We will sometimes abuse notations by denoting the right hand side hy A + B{r) 
even when the metric space has no addition structure. 

A domain is a non-empty boimded open connected subset of R'^. A polyhedron 
is a domain whose boundary is composed of a collection of non-degenerate linear 
polyhedra of dimension c? — 1. In particular, we do not require that the boundary 
of the polyhedron is cormected. For simplicity, however, we will not allow slits. 

By C and c we denote absolute constants which may be different from place 
to place. C will usually denote constants which are "large enough" and c "small 
enough". We shall number (ci, C2, . . . ) only constants to which we will need to 
refer to again. Sometimes we shall also write C(-) and c(-) for a constant which 
is not properly absolute — it depends on some parameters — but is best thought 
of as absolute. This notation implicitly means I cannot think of any applications 
where the parameters are not themselves constants. Again, C(G) could change 
from place to place, and we shall number only those that we shall need to refer 
to in the future. If, say, Cisy depends on some parameters we shall only note this 
once and from that place on refer to it as simply Cis?, not 6*187(0;, r, 7Y). 

As usual we denote by \_x\ the largest integer < a; and by \x~\ the smallest inte- 
ger > X. 

1.5. Loop erasure. For a finite path 7:{l,...,n}^G we define its loop erasure, 
LE(7), which is a simple path in G, by the consecutive removal of loops from 7. 
Formally, 

LE(7)(1) := 7(1) 
LE(7)(i + l) -.^ + J. :=nmx{.7 :7(j) =LE(7)(i)} . (6) 

Which is defined for all i such that < n. 

Lemma 1.1. Let b^,b^ e B c G. Let i?' be a random walk starting at b\ stopped at 
B and conditioned to hit b^~\ Then LE(i?°) has the same distribution as the reversal of 
LE(i?i). 

This is well known. See e.g. |K| lemma 2]. 

The following lemma was discovered with Omer Angel. To the best of our 
knowledge, it has never been published before. 
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Lemma 1.2. Let G be a weighted graph and let v,w G G. Let Rhea random walk on G 
starting from v and let r„ be the n-th time R is at w. Then 

LE(i?[0,Ti]) - LE(i?[0,T„]) Vn = 2,3,.. . 

The notation ^ here stands, as usual, for "having the same distribution". 

Proof. Let 7 be any path starting from v not containing w and let fc — 1, . . . , n. 
Denote I = len7. Define X^.fc to be the event that 7 = LE(i?[0, T„])[l, /] and that 
ji e [T„_fe, T„_fc+i] where ji is from the definition of LE above and where we 
consider Tq to be 0. Let x be any neighbor of 7(/). We have that x is the next 
element of LE(i?[0, r„]) if and only if R{ii + 1) = x. Denote this event by iV^. 

Conditioning by X^,k we get that R[ii, r„] is a random walk on G starting from 
7(Z) and conditioned not to hit 7 before hitting w for k times. Therefore 

P(7V, I = PT(')(i?(l) ^x\Tk< T(7)). 

The point of the lemma is that the right hand side is independent of fc — after Ti 
it is no longer possible to know anything about the value of Therefore 

and summing over k we get (denoting = IJ X^ jS) 

Q P(x^) 



fc=i ^^^^^ ^(^-'^ 



and this last term is equal to the probability that LE(i?[0, Ti]) will, if conditioned 
to start from 7, will have as its next vertex x. Indeed, this is the well known 
"Laplacian random walk" representation of loop-erased random walk, see |L87|. 

□ 

Lemma 1.3. Lemma \L2\ holds also when the random walk is conditioned not to hit a given 
B d G, w ^ B. In aformida, 

LE(i?[0, Ti]) I Ti] n S = - LE(i?[0, T„]) | r„] n S = V71 = 2, 3, . . . 

The proof is identical to that of the previous lemma, except the random walk is 
conditioned to not hit i? U 7 instead of just 7. 

2. Euclidean nets 

2.1. Background on rough isometries. Let X and Y be two metric spaces. A fimc- 
tion f : X is called a rough morphism if 

d{f{x),f{y))<Gd{x,y)+C 

for some C which depends on /. A rough identity is a function f : X ^ X 
satisfying 

d{f{x),x) < C 

for some C which depends on /. Notice that / need be neither one-to-one nor 
onto! X and Y would be called roughly isometric if there exist rough morphisms 
f : X ~^ Y and g : Y ^ X such that both / o g and 50/ are rough identities. 
In this case we call both / and g rough isometries. The term was introduced by 
Kanai in |K85|, though in more restricted settings it already appeared in |G81|. 
There are various equivalent definitions in the literature, but I prefer the above 
"categorical" one. A rough isometry completely ignores all local structure, and 
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in fact R"* is roughly isometric to TU^ and more generally, any manifold is roughly 
isometric to any net inside it. 

To talk about rough isometry of graphs, we need to introduce a metric. Let 
therefore G be a weighted connected graph. Define 

min leii7 

where the minimum is taken over all paths 7 from v iow. Clearly this makes G a 
metric space. 

The "Euclidean nets" we are going to define in the next section are graphs 
roughly isometric to M"^*. Whether properties of random walks are preserved un- 
der rough isometries is in general not obvious. In some cases (e.g. transience) this 
requires an equivalent representation as a geometric property. In others (e.g. Har- 
nack's inequality) it is actually imknown. Let us therefore state here some of con- 
nections between random walks and the geometry of the graph that we will use. 

Definition. We say that a graph G satisfies the volume doubling property if there 
exists a constant G such that for any v E G and any r > 1, uj{B{v, 2r)) < Guj{B{v, 
?■)) where u}(A) := Y^^^^ tjj{x), oj from 

Definition. We say that a graph G satisfies the weak Poincare inequality if there 
exists a constant G such that for any function f : G ^ M., any v E G and any 
integer r, 

J2 uj{w)\f{w)-7\' <Gr' u;{w,x)\fiw)-f{x)\^ 

1 



uj{Biv,r)) 



The inequality is called "weak" because the sum on the right hand side is over a 
ball of radius 2r. The regular Poincare inequality is defined with the sum over the 
ball of radius r. However, under the assumption of the volume doubling property, 
these properties are equivalent, see [1J86 §5] (the settings there are a little different 
but the proof carries through literally the same). In fact, the equivalence (under 
volume doubling) of the weak Poincare inequality imder different constants > 1 
replacing the "2" in the radius of the ball is much easier and the only thing we 
will use: this easily implies that the combination of volume doubling and weak 
Poincare inequality is invariant to rough isometries. 

Another common variation on this inequality is an version i.e. ~ 
/I — C'r ^ <x'|/(u') — f{x)\. The version is stronger — indeed, since the L°° 
version \f{'w) — / | < 2r max |/(w) — /(a::)| is obviously always true, the version 
follows from the version by interpolation. 

Definition. We say that a graph G satisfies the elliptic Harnack inequality if there 
exists a constant G such that for any v E G and r > 1 and any function / harmonic 
and positive on B{v, 2r) one has 

max{/(a;) : x E B{v,r)} < Cmin{/(.T) : x E B{v,r)}. (7) 

Definition. We say that a graph G satisfies the parabolic Harnack inequality if 
there exists a constant G such that for any v E G and r > 1 and any positive 
function / on B{v, 2r) x [0, 4r^] satisfying 

fi;t+l)-f{;t)^Af{;t) (8) 
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one has 

niax{/(a;,f) : (x,t) € B{v,r) x [r^,2r^]} < 

Cmin{/(.T,i) : {x,t) G B{v,r) x [3r^,4r^]}. (9) 

Clearly, the parabolic Harnack inequality is stronger than the elliptic one. A 
difficulty in applying this fact is as follows: if the graph is bipartite (say Z'^) then 
the parabolic Harnack inequality cannot hold — for example, f{x, t) = F{R{t) = 
x) satisfies jSj but the right hand side of j9j is for any r > 1, since f{x,t) — 
whenever t + ^Xi is odd. However, adding self loops will allow the graph 
to satisfy the parabolic Harnack inequality without changing the set of harmonic 
functions at all. After adding self-loops it is not at all easy to construct examples of 
graphs satisfying the elliptic Harnack inequality without satisfying the parabolic 
one. See IBB99HGSC05I for some constructions (see also IHSCOll ). 

Theorem (Delmotte). Let G he an infinite connected graph and assume lj{v, v) > cfor 
all V <E G. Then the following are equivalent 

(i) G satisfies the volume doubling property and the weak Poincare inequality. 

(ii) G satisfies the parabolic Harnack inequality. 

(iii) The random walk on G satisfies upper and lower Gaussian estimates, namely 



uj{B{v,Vt)) uj{B{v,Vt)) 
for all 6{v,w) <t. 

Further, for any two clauses, all constants in the first depend only on the constants in the 
second. 

See ID991. One of the important consequences of this theorem is that the par- 
abolic Harnack inequality is invariant to rough isometrics: as already remarked, 
the combination of the volume doubling property and the Poincare inequality is 
invariant to rough isometries. For the elliptic Harnack inequality, the question of 
its invariance is still open. 

2.2. Definition. A d-dimensional Euclidean net is a graph (G, uj) such that G C 

R'^ and 

(i) G has bounded weight; 

(ii) The inclusion i : G ^ R'^ is a rough isomorphism between (G, S) and W^; 

(iii) inf{|w - w\ : v ^ w e G} > 0. 

We shall mostly be interested in the R'' distance on G, which we will denote by 
d{v,w) or \v — w\. Likewise, the notation B{v,r) will relate to a ball in the R"^ 
distance, while a ball in the metric 6 will be denoted by Bs. 

2.3. Harnack's inequality. 

Lemma 2.1. A Euclidean net satisfies the elliptic Harnack inequality Q/or r sufficiently 
large. 

Two comments should be made on the formulation of the lemma. First is that in 
the definition of the elliptic Harnack inequality we mean balls in the M"* metric 
and not in the graph metric. The second is about the constant in 0. We implicitly 
assume that the constant G = G(G) depends only on the following parameters: 
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(i) The bounds for lo; 

(ii) The constants of the rough isometries i and / between G and W^; 

(iii) The constants of the rough identities io f and f o i; 

(iv) The lower bovind for — wl; 

(v) d. 

We call the aggregation of these parameters the Euclidean net structure constants. 

Whenever we use the notation C(G) we mean a constant depending only on these 
parameters. Similarly, constants implicit in the notations o, O and « notation are 
not universal but may depend on the structure constants of the Euclidean net. 
The phrase "sufficiently large" means "larger than a constant depending on the 
Euclidean structure constants only". 

In chapter |5] we shall apply results obtained up to that point to families of 
graphs with uniformly bounded structure constants, hence it is important that 
C does not depend on other properties of G. 

Proof. Construct an auxiliary graph G* with the same vertex set as G and with the 
weights defined by tJG- (w, = ujq{v,v)+ujg{v)- In other words, the random walk 
on G* is a random walk on G with a probability of \ to stay at the same spot at each 
step (additional to any such probability already existing for G). The random walk 
on G* is sometimes called the lazy walk on G. Clearly Z'* satisfies the volume dou- 
bling property and it is easy to see that I/'- satisfies the weak Poincare inequality 
— every group does, see e.g. IFSCI 4.1.1] (the other conditions of Delmotte's the- 
orem are also easy to verify, if you prefer). Since volume doubling and the weak 
Poincare inequality are preserved by rough isometries, G* satisfies them. Hence 
by Delmotte's theorem it satisfies the parabolic Harnack inequality with respect 
to the graph metric 5. Hence it satisfies the elliptic Harnack inequality, and since 
G and G* have the same harmonic functions, G also satisfies the elliptic Harnack 
inequality with respect to 5. 

Now, to prove Harnack's inequality for the R'' metric, cover B{v,r) by a con- 
stant number of balls Bs{wi, cr) such that Bs{wi,4:cr) C B{v, 2r). It is easy to see 
that this can be done with the number of balls uniformly bounded. From the above 
discussion we have, for every / harmonic and positive on B{v, 2r) that 

max{/ : Bs{wi,2cr)} < Cmin{/ : Bs{wi,2cr)} 

for every i. Therefore if we have that Bs{wj,2cr) n Bs{wj+i,2cr) ^ for j = 
1, . . . ,k then we get 

max { / : U (u;, , 2cr ) } < C'= min { / : y Si 2cr ) } . 

j j 

Now, if r is sufficiently large then the balls Bs{wi, 2cr) form a connected graph 
with respect to intersection, so we get the required result. □ 

Lemma 2.2. Let E^V be domains in suclt that £ c V. Then Harnack's inequality 
holds with respect to E and V i.e. for any v G M'^, any r > G{£,'D, G) and any function 
f positive and harmonic on [rV + w) n G, 

max{/ : {r£ + v) C^G}< C{£, V, G) min{/ : {r£ + v) D G}. 

Further, if K. be a family of ,1?) with diam£ bounded above and d{E,d'D) bounded 
below, then all G{£, V, G) are bounded by some constant G{1C, G). 
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Proof. Use the same covering trick as above. □ 

Remark. The fact that a graph roughly isometric to M'' satisfies the elliptic Harnack 
inequality was known before ID99I . In the setting of graphs, it was proved concur- 
rently by Delmotte |D97| and Holopainen-Soardi |HS93 (who proved it for the p- 
Laplacian for any p). In the setting of manifolds this goes back to Kanai ||K85I|, who 
proved that a manifold roughly isometric to M'' satisfies the (continuous) Harnack 
inequality by showing that it follows from a d-dimensional isoperimetric inequal- 
ity 

2.4. Green's function. Let H be any graph (possibly directed). Let v, w E H and 
S C H. Then Green's fimction with respect to S is defined by 

oo 

G{v, w;S)=Y^ F^iRit) ^ w, i?[0, t] c S) 

t=o 

or in other words, the expected number of visits to w before leaving S.lf S ~ H we 
shall omit it in the notation and write G{v, w). In general there is nothing forcing 
G to be finite. 

If G is finite then it is zero outside S and inside S satisfies 

AG{;w;S)^-S.^ (10) 

i.e. G is harmonic on 5* \ {w} and AG{w,w) = — 1. These conditions imiquely 
determine G{v,w; S). The symmetry of random walk (3| translates to a symmetry 
of G in the form 

u!{v)G{v, w; S) = lli{w)G{w, v] S). 

Lemma 2.3. Let H he a d-dimensional Euclidean net. Then 

(i) Ifd—2 then H is recurrent and Green's function satisfies 

G{v,w;S)< C{H) log diam S. (11) 

(ii) If d>2> then H is transient and Green's function satisfies 

G{v,w]S) <G{H)\v-w\'^-'^ Vv^w. 

Giv,v;S) <C{H). ^^^^ 

IfB{x, 2r) c S and r is sufficiently large then inside B{x, r) a lower hound also 
holds, 

G{v,v]S)f=il. ^^^^ 

Remark. For d = 2 we have (from recurrence) that G{v, w) ~ oo for all v and if. 
The natural analog of G{v, w) in this case is the harmonic potential of H defined by 
a{v, w) = lim,,_,oo G{v, v; B{v, r)) — G{v, w; B{v, r)). It is possible to show that for 
any two dimensional Euclidean net a{v, w) is well defined and a{v, w) « log jw— wj, 
but we will have no use for this fact. 

Proof. We start with the case of d > 3. Let H* be the lazy version of -ff as in the 
proof of lemma IZTl By Delmotte's theorem. 
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Summing this over all t we get 

Gh'{v,w) « \v~w\^-'^. 

Now, Gh = \Gh- because one may couple the walks on H and H* so that each 
step of H the walker on H* walks the same step and then waits for an expected 
time of 1. Therefore we get Gh{v, w) ~ |w — wp"**. We will not need the graph H* 
again, so all Green functions henceforth are with respect to H. 

Now, G{v,w;S) < G{v,w) gives us iT2l . To get the lower bound under the 
assumption B{x,2r) c 5* take / = fs.w to be a harmonic function on S with 
f{v) = G{v, w) for all v e dS. G(-, w) - f will satisfy {TU) which defines G(-, w; S) 
so they are equal. By the maximum principle we get 

f{v) < max f{y) < Cr^~'^ yv e S 
yedS 

SO we get G{v,w) ^ \v — wp"'' inside a ball B{v,Xr) for some constant A = 
A(G) sufficiently small. Using Harnack's inequality (lemma [2. 2> for the domains 
B{0, 1) \ B{Q, A) C B{0, 2) \ B{0, iA) proves O. 

The two dimensional case follows from electrical resistance arguments. See 
IS94I for background on this topic. The maximum principle shows that G{v, w) < 
G{v, v) and the latter is equal to the resistance between v and dS. The electrical 
resistance is preserved (up to a constant) by rough isometries, and so we get 

Giv,v]S) < G{v,v]B{v,2disirjiS)) « Gz;2 (0, 0; B(0, 2 diamS*)) « logdiamS'. □ 

Remark. The use of Delmotte's theorem here is somewhat of an overkill. The fact 
that the a graph roughly isometric to R'' has a c?-dimensional heat kernel decay 
follows essentially from Varopoulos |V85'|. To get an estimate for the Green func- 
tion one can apply e.g. Hebisch and Saloff-Coste LHSC93J which gives a square 
exponential decay upper boimd. 

Lemma 2.4. Let G be a Euclidean net and let v £ G and r > 1. Then for some constant 
A(G) sufficiently large, 

¥"'{R{[Xr^\) e B{v,r)) <^ Vw. 

Proof. Let G* be the lazy version of G, as in lemma ITTl Again we use Delmotte's 
theorem to show that for any A, 

P^. ^x)<G [Ar^J "''^^ Vu;, Vn > [Ar^J . 

We have that #B{v,r) < G{G)r'^. Hence summing gives that for A a constant 
sufficiently large 



Pg.(i?(n) g B{v,r)) < - Vu>,Vn > [Ar^J 
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But the coupling between the walk and the lazy walk shows that after the walk 
did 71 steps the lazy walk did at least n steps. Hence 

= P(the lazy walk did n steps and is in B{v, r)) = 

= ^ P(the lazy walk did n steps)PG* {R{n) G B{v, r)) < 

n>[Ar2J 

< - P(the lazy walk did n steps) = - . □ 

n>[Ar2J 

Here too Delmotte's theorem can be replaced by Varopoulos IV85I . 

The following lemma basically states that a random walk has positive proba- 
bility to hit large objects. We will only use the lemma for simple domains with 
piecewise smooth boundary, so the requirements of clause [(m)] will always be sat- 
isfied. 

Lemma 2.5. Let H be a d-dimensional Euclidean net. 

(i) Let V, S (start) and H (hit) be domains in R'^ with S,H (Z V,H ^ V. Then 
there exists a OMT>, S, H, H) such that for all r > all v e H and all 
w e (v + rS) nH, if R is a random walk starting from w then 

¥{T{div + rn))< T{d{v + rV))) > ,^V, S, H, H). (14) 

(ii) If S nH — 9 and S is a subset of the unbounded component o/M'^ \ H then in 
addition 

¥{Tid{v + rn))> T{d{v + rV)))> <^V, S, H, H). (15) 

(iii) Let K. is a family of triplets {'D,S,H) such that for every x £ S there exists a 
path 7 ivith len 7 bounded above leading from x to dcont'H with d{^, dV) bounded 
below (case^^ or from x to dV with c?(7, dcont'H) bounded below (case \(ii)i . Then 

(^and (^are bounded on K. 

Proof Let us start with Assume first that V = B{0, 1), H = B(0, ^) and 
S = 5(0, i) \ i?(0, ^), and that d > 3. Examine the Green function G{w) = 
G{v, w]v -\- rV). Let w € {v + rS) n H , let i? be a random walk starting from w and 
let T be its stopping time on d{v + rTi) U d{v + rT>). Then, since G is harmonic on 
{v + rV) \ {v + rH) we get (from ©) that 

G{w) ^ EG{R{T)). 

Denote p = P(i?(T) e d{v + rH)) which is the probability we want to estimate. 
Now for every x G d{v + rV), G{x) = while for x G d{v + rH) we have from lll2> 
that G{x) < G{H)r^-'^. At w itself we have from Jl3| that G{w) > cr^^'^ for some 
c{H) and r sufficiently large. We get 

cr'^-'^ < G{w) = EG(R(T)) < p ■ Cr^''^ (16) 

so p > c for r sufficiently large. 

To see that the same holds for d < 2, construct an auxiliary graph H' = Hxl?^'^ 
weighted so that the projection of the random walk on H' on H is (a time change 
of) the random walk on H. Then the fact that there is a positive probability to hit 
dB{v, ^r) C H' before hitting dB{v, r) C H' immediately implies the same for H. 
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We now consider general domains. Let x E S \ H and choose an e > and a 
sequence of points {xi}"^^ with the following properties: 

(i) Xq = X and i3(x„, e) c H. 

(ii) B{xi,2e) C V. 

(iii) \xi+i -x^\£ ]^e, ^e[- 

It is a simple exercise to show that e and Xi can always be chosen, and furthermore 
that both e and n may be bounded on all 5 \ 7i and in case |(iii)| on all /C i.e. for any 
X many S\n such that {V, S,H) e IC we have e{x, H, V) > c(/C) and n(x, H, V) < 
ClJOj. Assume now that r is sufficiently large such that the following are satisfies: 

(i) every ball of radius ^er contains at least one point of H; 

(ii) dB{w, s) C B{w, s + -^er) for any s > and w e H; 

(iii) er is sufficiently large so as to satisfy l ll6t . 

Clearly this is an assumption of the type r > C{'D, S, H, H). Condition |(i)] aUows 
to choose a point Wi <E H f] B{v + rxi, ) for every i. Let Tg = and 

= min{t > T,_i : G dB{w^, ^er)}. 

We wish to use the case already established for the portion of the random walk 
after Tj_i, with the radius being er instead of r and the center of the balls being Wi 
instead of u. We may do this because i?(Ti_i) e dB{wi-i, ^er) C B{wi-i, ^er) C 
B{v + rxi-i, ^er) C B{v + rxi, ^€r)\B{v + rx,, ^er) C B{wi, \er)\B[wi, ^er). 
However, since B{wi, er) C B{v + rxi, 2er) C v + rV then not hitting dB{wi, er) 
means staying inside v + rV and so we get 

P(T, < T{d{v + rV)) I T,^i < T{d{v + rV))) > c{H). 

This immediately gives 

(*) 

P > P(T„, < T{d{v + rV))) > c" 

where (*) comes from the fact that dB{wn, ^^r) C B{v + rxn, C v + rTL. 

This proves the direction iTH for x ^Ji. The case x e is proved identically but 
taking the x^-s from x to 'D\'H. For the direction <15t take the Xi-s outside, i.e. with 

B(a;„,e)nl? = 0andB(xi,2e)nH = 0. □ 

Lemma 2.6. With the notations of the previous lemma, ifd>S then i lTIt and dTst /joZrf 
euen z/I? z's allowed to be unbounded. If d < 2 then only ( IT?t holds for unbounded V. 

Proof. The only part not following directly from lemma 12.51 is the proof of il5t 
when d > 3. We start with the case that V = R'^ (so T(d{v + rV)) is always oo), 
U = B{0, 1) and 5nB(0, A) = where A(G) > 2 is some constant sufficiently large 
that will be fixed later. Let s > Xr and denote 

p{s) =¥'"{n^s <Ty^r) wev + rS. 

Let G{x) ~ G{v, x; B{v, s)) i.e. Green's function. From il3t we see that for a:; G 
dB{v,r) we have G(x) > c{H)r'^^'^ if r is sufficiently large. At w itself we have 
G{w) < C{H){Xr)^-'^ and by definition G\gB{v,s} = so 

C(Ar)2-'' > G{w) = EG(i?(r)) > {1 - p)c{H)r^-'' 
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SO p > 1 — CX'^^^ and for A sufficiently large this would be > ^. Fix A to be some 
such constant. We get that linis^oo P > 5- Hence 

V{T{d{v + rU)) = 00) = lim V{T{d{v + rU)) > T,, ,) > ^ (17) 

and this case is finished. For general V, S and H, let B{Q, p) (p > 1) be a ball 
sufficiently large such that I? n i?(0, p) contains S, TC and a path between them. Let 
I?2 be the component of 2? n B{0, Xp) containing S and H. Then lemma E31 shows 
that for r sufficiently large we have 

P(r(a(w + rH)) > T{div + rV2))) > c(I?2, 5, G). (18) 

If R{T{d{v + r'D-2))) ^ d{v + rV) then it is G dB{v, Xpr) and then the previous case 
(rescaled by p) with the strong Markov property shows that 

P(T(<9(t; + rU)) > T{d{v + rV)) \ T{d{v + rU) > T{d{v + rPa))) = 
= P(T(a(i> + rU)) > T{d{v + rV)), T{d{v + rV^)) = T,^xpr I 

T(d{v + rU) > T{d{v + rPa))) = 
= E¥^^^--^>"-\T{d{v + rU)) > T{d{v + rV))) > 

> EP-"('^"'^'"-)(T^,p^ = 00) > Ec(G) = c(G) 
and together with <18> we get | |15> . □ 

Lemma 2.7. Let V, S and H he domains in with S,nciVandSr\n = il). Then 
there exists a O^V, S, H, G) such that for all r > all v G G; all w e {v + rS)nG 
and all x e (v + rH) r\G, if R is a random walk starting from w then 



\T{{x}) < T{d{v + rV))) 



r^-'^ d>3 
1/logr d = 2 

where the constants implicit in the sa may depend on V, S, H and G. Further, if K. is 
family of{T>, H, S) triplets satisfying the conditions oflemma \2.5\ clause \(iuj\ then O^and 
the implicit constants are bounded on K.. 

Proof. Let e = e(/C, G) be sufficiently small. Use lemma E31 to show that the proba- 
bility to hit a ball of radius re around x is « 1 and then the same Green's function 
calculations as in that lemma to show that the probability to hit a point before 
exiting from a ball containing V are ~ 7-2 for d > 3 and w 1/ log r for d = 2. □ 

Lemma 2.8. Let Gbea d-dimensional Euclidean net, d > 3. Let w e G, s > 4r > G{G), 
let A c B{v, r) and w € dB{v, 2r). Then 

Further, if B c A then 

¥'"{R{T{AUdB{v,Ar))) £ B) kF'"{R{T{AU dB{v,s))) € B). 

Proof. We shall only show the first estimate, the second one is proved identically. 
Clearly V^{T{A) < T,Ar) < ¥'"{T{A) < T^^s), so we need to show the other 
direction. Define stopping times To = and 

T2^+l := min{f > Tzi : R{t) G dB{v, 4r) U A)} 

T2, := min{i > T2^-l : R{t) G dB{v, 2r) U dB{v, s)}. 
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Let / be the first time when R{Ti) e A (for i odd) or R{Ti) <E dB{v, s) (for i even). 
We consider the process stopped at /. From lemma lZ6l we see that 

P(i?(T20 e dB{v, s) I / > 2i - 1) > EP-^('^^'-i)(T„,2r = oo) > c(G). (19) 
From Harnack's inequality we get that 

P^(i?(r2z+l) eA\I>2i)^ EP-"(^^''(T(A) < T„,4r) » 

« min F^(T(A) <T^4r) 
and hence this is (up to a constant) independent of i. Hence we get 

oo 

F^{T{A) < T„„,) = ^P"'(/ > 2i, R{T2^+l) € A) < 

1=0 

oo 

< C{G)^f""{R{Ti) e A)¥{I > 2i) < 

1=0 



< 



C(G)^P"'(i?(ri) e A){l~c{G)y 



4=0 



= C(G)P™(T(A) < T„,4r). □ 

2.5. The discrete Beurling projection in three dimensions. The Beurling projec- 
tion theorem says that the probability of a two dimensional Brownian motion start- 
ing at to hit a given set K C B{0,1) before hitting dB{0, 1) is larger than the 
probability to hits its angular projection, namely the set {|z| : z S K}. In particular, 
if K is connected and intersects both dB{Q, e) and dB{0, 1) then the probability to 
avoid it is maximal when iiT = [e, 1], and in this case it may be calculated explicitly 
from the conformal invariance of Brownian motion and is w ^/e. A discrete ver- 
sion of this result (up to constants) was achieved by Kesten IK87I . In this section 
we shall prove a three dimensional variation on this result, namely the following 
lemma: 

Lemma 2.9. Let H be a three dimensional Euclidean net. Then there exists a constant 
C{H) such that for all v e H,for all r > C{H) and for all connected sets A <z H that 
intersect both B{v, r) and H \ B{v, 2r) one have 

P"(i?[o,r,,4r]nA^0) > 

logr 

While Kesten's version of Beurling's arguments may be applied to three di- 
mensions without much change, in the setting of lemma lT^ the notion of capacity, 
particularly of Martin capacity, can be used to shorten the argument significantly. 
We shall first give the relevant definitions, and the proof will follow after. 

2.5.1. Martin capacity. 

Definition. Let _ff be a countable set and let K{v, w) be some function ("the ker- 
nel"). The capacity of a set S c H with respect to K is defined by 

Cap^(5) := f inf f f K (v , w) d^{v) d^{w)\ 

The infimum here is over all probability measures /i supported on S. 
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Definition. Let H he a directed graph and let v e H. Then the Martin capacity 
of the graph with respect to v is the capacity with respect to the Martin kernel, 
defined by 

G{w,x) 

where G is Green's function. 

Theorem (Benjamini, Pemantle and Peres). Let Hhea directed graph, letv&H and 
let S ^ H satisfy that Green's function G(w, x) is finite for all w, x e S. Let Cap he the 
Martin capacity with respect to v. Then for any S we have 

\ Cap(S') < P''(i? [0, oo[ n 5 ^ 0) < Cap(S'). 

The nice and simple proof may be found in IBPP95I , theorem 2.2. 

Proof of lemma 12 . 91 Let A = be some constant such that every edge of H has 
length < A. Then A intersects every spherical shell i?(v,s + A)\i3(u+s),r < s < 2r. 
Let e Ar^{B{v,r + {i + 1)A) \ B{v,r + i\)) for i = 0, . . . , [r/AJ. Let ^* = {a,]. 
The lemma will be proved if we show 



logr 



Let H' be the directed graph given by taking H D B{v, 4r) and making each point 
of dB{v, 4r) a "sink" i.e. a point with the only exit being a self loop. By definition, 
Gh'{w,x) = GH{w,x]B(y,Ar)). We get the equivalent formulation P^, (r(yl*) < 
oo) > c/logr. We now use Benjamini-Pemantle-Peres on H' . We get that it is 
enough to estimate Cap(j4*) > c/ log?-. By the definition of capacity we that we 
need to show that there exists a jion A* such that 

J A' J A' G[V,X) 

Let /i be the uniform measure on A* . Then by <13t we have that 



G{ai,aj) 



a, - a. 



1-1 



G{v,aj) r 

Summing gives l l20> and the lemma. □ 
2.6. Intersection probabilities. 

Lemma 2.10. Let H be a Euclidean net of dimension < 3 and let e e ]0, 1[. Let v <E H 
and r > and let and be random walks starting from vertices and v^, e 
B{v, (1 — e)r). Then 

P(i?MO, Tl^J n i?2[0, Tl,] ^ 0) > <ge, H) 

if only r > C^e, H). 

Proof. We shall only show the case d = 'i — the case d = 2 is identical and will 
be left to the reader. Let A = A(e, H) be some constant whose value will be fixed 
later. Let s > eA be some number, w G H and 6 > 0. For any x G B{w, (1 — S)s), let 
r(y) be the probability that a random walk starting from y will hit x before hitting 
dB{w, s), and define r(x-) :— 1. F is harmonic on B{w, s) \ {x} and on dB{w, s). 
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2 

„-2 



Hence r(y) = G{y,x;B{w,s))/G{x,x;B{'w,s)) where G is Green's function. Using 
(|12> . J13> and Harnack's inequality (lemma f2.2> we get 

r(y) > c{S, H)/\y - x\ ye B{w, (1 - 5)s) \ {x} 

T{y)<C{5,H)/\y-x\ y e B{w,s)\{x}. 

for s sufficiently large. 

Definenow A := B{v^ ,\er)\B{v^ , \er) andX := A n i^^ [0, J n i?2[0, J. 
For any x & A, the preceding calculation (used once for w = v^, s — er and 5 — - 
and a second time for w ~ v'^, s ^ r and 5 = ^e) shows that P(.t e X) « 
The « sign here and below may depend on e and on the Euclidean net structure 
constants of H. Rough isometry preserves (up to a constant) volumes of balls and 
shells, hence if er is sufficiently large we get #A « and hence K^X « r. Next 
we want to calculate E(#X)^. For any x ^ y E A we have 

F{x,yeR'[Q,T'])^r-^\x-y\-\ (21) 

Indeed, this probability is > the probability to hit x first (which is « 1/r) and then 
to hit y (which is« l/\x — y\). On the other hand it is < the sum of this probability 
and its symmetric image. So <21> is explained. This shows that P{x,y e X) « 

r~^|a; — y\^'^ and summing over y we get 

^ P(x,2/eX)<=^ ^ F{x,yeX) 

y.y^x n=-C{H) •y6B(x,2" + i)\B(a;,2") 

<C(e,ff)r-2 ^Y.^ 4-"#(i?(.T,2"+i)\B(a:,2")) 

Tl = -C(i/) 
(»*) l-log2 H 

< C(e, ff)r-2 ^ 2" < C(e, //)r-i 

where {*) comes from the fact that H is separated in M'' hence |x — y| > c{H) and 
(**) uses again the fact that rough isometry preserves volumes. Summing over x 
we get 

E(#X)2 < #A • C(e, H)r-^ + ^ P(.t e X) < C{e, . 

Hence the well known inequality P(#X > 0) > (E#X)VE(#X)2 finishes the 
lemma. □ 

Lemma 2.11. Let G be a Euclidean net of dimension d < 3 and let and v"^ e G. Let 
be random walks starting from and stopped on dB{v^,r). Then 



^(i?i n i?2 = 0) < c{G) (^^^^^) 



c(G) 



Proof. Let aj := 2-' |f ^ — and assume without loss of generality that r = a„ for 
some integer n. Let be the stopping time of i?* on the shell dB{v^ , aj). Examine 
the events 

£, {R'[Tj,Tl,] n R^[TlT]^,] + 0}. 
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However, £j may depend ouSq, . . . only through R^{Tj) so we get 



Pi£j\£o,---,£j-i)>ciG). 



And hence 




and the lemma is proved. □ 



This basic proof method is known as the "Wiener shell test". 

Remark. Given theorem|3]below (pagelS^ it might be tempting to conjecture that 
c(G) is in effect ^, the non-intersection exponent of d-dimensional Brownian mo- 
tion. However, this is not true. Indeed, the intersection exponent is a "conformally 
invariant" property rather than a metric property. Unfortunately, I don't know any 
example sufficiently simple to explain here. 

Lemma 2.12. Let Gbea Euclidean net and let H ^W^bea half-space and let v e G\ dH. 
Let Rbea random walk starting from v. Then 



Proof. Let s > 2d{v, dH) and examine a random walk R starting from any point 
in dB{v, s) and stopped on dB{v, 2s). We use lemma E31 with V = B{0, 2), S = 
B{0, 1) and H = {{H - v)/s) n V. If s > C(G) then dB{v,s) C v + sS and 
H is non empty so the lemma applies to our R. We get that the probability of 
R to hit d{v + sH) c dH n B{v, 2s) before dB{v, 2s) is > c^V, 5, G) if only 
s > Cj^P, 5, 7Y, G). Further, if s is sufficiently large then the family of possible 
Ti-s satisfies the requirements of clause [(iii)1 of lemma IZSl and these c-s and G-s are 
boimded. The Wiener shell test now gives the lemma. □ 

Again, it is not necessarily true that c = 1 as in Z'K This is only true with 
additional assumptions, such as isotropicity see theorem |2 below (page|36j. A 
counterexample may be constructed as follows: Let : H ^ C be defined by 
c/)(re'^) = re^*^ where H is as usual the upper half space {Imz > 0}. Let G := 
(/)(Z^ n H) and identify 4'{n) and (t>{—n) so that G contains edges from n to both 
.y^^2~[rjg±i2arctan i/ri jj^gj^ ]^ jg easy to See that G is a Euclidean net while the 
escape probability from, say, v ~ i\/2 to dB{v, r) without hitting dM are the same 
as the escape probabilities of a random walk on 1? from a corner, which are well 
known to be w r^^. 

An argument identical to that of lemma l2.12l works for any polyhedron: 

Lemma 2.13. Let G be a Euclidean net and let Q <z R"^ be a polyhedron. Let 1 < ri < 
r2 < s be some numbers and let v <E G satisfy that d{v, sQ) < ri. Let Rbe a random 
walk starting from v. Then 




c(G) 



Vr > 2d{v,dH). 
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We omit the proof. 

The next lemma is technical and is only here for completeness. In fact all the 
graphs we will consider in this paper have no "dangling ends" and it is straight- 
forward to see that for every ^ one can construct disjoint paths going in 
opposite directions (so clause |(ii)l of the lemma is satisfied). 

Lemma 2.14. Let G he an Euclidean net of dimension > 2 and let < e < ^, s > 0. 
Then there exists a k = ^(e, s, G) such that for any v, ^ £ G with \v — < s one 
of the following holds: 

(i) There are no two disjoint paths starting from and ending outside B{v,k). 

(ii) For any r > n there exists two disjoint simple paths 7* c -B(w, r) starting from 

and ending in some such that 

B(w\(l-e)r)n73-' =0, w' G B{v,r)\B{v,{l - e)r) {11) 

Proof. Let A = A(G) satisfy that any ball in with radius > A contains at least one 
point of G, and such that no edge of G has length > A. Let ^ satisfy that for any x, y 
in G such that |a; — 1/| < 4A there is a path 7 from 2; to y, 7 c B{x, ij.). Now take any 
point X G G and any direction 9 and construct an infinitely long "ray" x G R C G 
by taking a sequence of tangent balls on the half line in direction 6, taking a point 
of G in every ball and connecting them by short paths as above. The result is that 
R is contained in the open infinite cylinder whose basis is a d — 1 dimensional ball 
of radius /i + A orthogonal to 6, centered at x. Actually, R is contained only in the 
half cylinder starting fj, before x. 

It is now clear that if — > 2/i then we may simply extend such rays in 
the directions ±(w^ — w^) and they will not intersect. This allows to prove the case 
s > 2^ given the case s = 2/i — this is a simple geometric exercise (1 got that it is 
enough to define k(s, e) = (s + G(G) + k( j^, 2/i))/e). Hence we will assume s = 2/i. 

Define now v -.— 2^ + 2A and impose the condition k > 16v. Let now 5^ and P 
be two disjoint paths starting from and going to a distance of k. The lemma will 
be proved once we construct 7' satisfying |(ii)| Let x' — 5^{j'^) be the first point of 
outside B{v, IQiy). A simple exercise in plane geometry shows that, if |u — a;*] > a 
then one can find an 77 satisfying that | (77, v) — (77, x^) | > for z = 1, 2. Applying 
this in our case gives \{i],v) — (77, x*) | > Sv. Define now 



P 



mm {r],S\j)) , max (77, 5' (j)) 

j<j' j<j^ 



In the sequel, we will say about a (half-)cylinder C in a direction orthogonal to 
77 that it is "in elevation e" if 

min (77, v) ~ {rj, x) + e. 

Case 1. Consider the case that |/^ n | < Qv. In this case one of the /*-s — without 
loss of generality, we may assume — contains (r/, v) + [v, Sv] and P contains 
(77, v) + [—8;^, —v] (otherwise replace 77 with —77). Therefore (r/, v) ± [7v, ^v] is con- 
tained in \ P and P \ P respectively. Let = 5*(fc') satisfy that 



< iA. 



Such always exist since every edge in G has length < A. Let 9 be some vector 
orthogonal to 77. Let R^ (respectively R^) be an infinite path starting from (re- 
spectively w^) and contained in the half cylinder of radius in the direction 9 



THE SCALING LIMIT OF LOOP-ERASED RANDOM WALK IN THREE DIMENSIONS 24 




Figure 2: On the left, case 1, the case of |/^ n /^| small. On the 
right, case 2. The points denoted hy i,j are (fc''^ ) = i?* (m'^^ ). 



(respectively —6) and in elevation 7v (respectively — Si^) . Since the cylinders are 
disjoint so are the i?*-s. See figure|3| left. Since n {i], v) + [—8u, = we get 
that (5^ n i?^ = and symmetrically we have 5^ n i?^ = 0. Let V be the first time 
such that R^r) ^ B{x, r). Then we define 

7* = LE(5*[0,/c*]Uff[0,f -1]). 

Clearly (5* U W are disjoint and the operation of taking LE conserves this, hence 
the 7'-s are simple and disjoint. J22> now follows from simple plane geometry 
(recall that LE conserves the end points) if only k is sufficiently large, so this case 
is finished. 

Case 2. We now assume that |/^ H /^| > Qv. Without loss of generality we may 
assume that for some a > {ri,v) + v we have [a, a + 2v\ c n (if not, replace t] 
with -77). Let y G be the first that satisfies that | (77, — + \v)\ < and let 
e satisfy that | (ij, z') -{a+^v)\< \\. 

This time define 9 be the projection of — into the (hyper) plane orthogonal 
to 77 (if 2; ^ — is collinear with 77, just pick 9 an arbitrary vector orthogonal to 77). 
Let be a cylinder of radius \v in the direction 9 with elevation a + v such that 
both 2* are in the middle cylinder of side length A. Let be an infinite path in a 
half of in the direction 9 starting from and containing z^. Let be a similar 
cylinder in elevation a containing y in its middle and let R^ be an infinite path in 
the half of in the direction —9 starting from y. Also let R^ be simple, which 
can be done, say by taking LE. See figure|3 right. Let /c^'' be the first time when 
^'(fc2.») e i?2 and let rn^^' be such that R^{m^'') = S''{k^''). Let 

771^'* := max {777 : R\m) G S' [O, k^-' [} k^'' := min{/s : 5\k) = R^{m^^')}. 

By definition i?^ always intersects (5^[0, fc^'^[ hence 777,^'^ and k^'^ are well defined. 
If R^ does not intersect (5^[0, we consider 777,^'^ to be —00 and k^'^ to be unde- 
fined. As before define r to be the first time when i?*(r) ^ B{v,r). 
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We can now define 7' by connecting a 5' to an according to the relation 
between jti^'^ and m^'^. In formulas, if jti^'^ < m^ '^ define 

7I := LE((5i[0, fc^^M U ;2 _ ^j) ^2 _ lE(,52[0, U R^[m^^'' , - 1]) 

while if m}-^ > rn^-^ (which includes m^'^ = —00) define 

7I := LE(,5M0, fci^M U - 1]) 7' LE((52[0, fc2-2[ y i?2[TO2,2^ ^2 _ 

In both cases it is easy to verify that 7^07^ = and that |(ii)| holds, if k is sufficiently 
large, just like in case 1. Hence the lemma is concluded. □ 

3. Isotropic graphs 

3.1. Preliminaries. In this chapter we will need to compare random walk and 
Brownian motion. For definition and basic properties of Brownian motion see any 
standard textbook, e.g. LRW94..Bg5l . 

To avoid confusion with the use of the letter B for a ball in a metric space, we 
will denote Brownian motion by W , giving homage to Wiener, even though he 
seems to have only been interested in the one dimensional case. 

The equivalent of the stopping times T{X) and Ty^r will be denoted by S i.e. 
S{X) is the time when the Brownian motion hits X for the first time and Si,,r = 
S{dcontB{v, r)). Similarly we shall use S'^(X) and S'l, ^ when we have more than 
one Brownian motion involved. 

We will also need in a few places the following "Hausdorff distance from a 
subset", defined by 

CHaus -B) := suprf(a, B) = inf dHaus(^, C*). 

aeA CCS 

CHaus is monotone in the sense that if c A2 and Bi c B2 then 

CHaus (^1,^2) < CHaus (^2,Sl)- 

3.2. Background on the non-intersection exponent. We shall need some known 
results about the non-intersection exponent £^d, so let us start with a quick survey 
of this topic (mostly developed by Lawler and coauthors). 

1. Let X and y be two points on dB{0, 1) and let and be independent 
Brownian motions in R'^ starting from x and y respectively and stopped when 
hitting dB{0, r). Define the non-intersection probability by 

p{x, y, r) ■= n = 0) P{r) := ma,xp{x, y, r). 

x,y 

The scaling invariance of Brownian motion and the strong Markov property easily 
give that P is submultiplicative in r (i.e. P{rs) < P{r)P{s), or logP is subadditive 
in log r) and we get 

P(r) = r-«''+°(i) as r ^ 00. (23) 

£,d is the well known non-intersection exponent. The invariance of Brownian mo- 
tion to rotations, scaling and translations allows to map 1:=(1,0...,0) and — 1 to 
the X and y where the maximum occurs and conclude thatp(l, —1, r) = r^id+o(i) ^ 
We will also need a generalization of this quantity: let W'^' {i ~ 1, . . . ,k) and 
W^^ {i — 1, . . . , Z) be independent Brownian motions in starting from xi, . . . ,Xk 
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and yi, . . . ,yi in dB{0, 1) respectively and stopped on dB{0,r). Define equiva- 
lently 

k I 

1=1 1=1 

P{k,l,r) := max p{xi, . . . ,Xk,yi, ■ ■ ■ ,yi,r). (24) 
xi,....Xk,yi,.-.,yi 

Again, submultiplicativity shows that P = r^^''{k,i)+o{i) ^^^j ^^(fc, I) is called the 
k, Z-nonintersection exponent. With this notation = ^^(1, 1). A simple "choosing 
the best point" argument shows that the maximum in (|24^ is achieved, up to a 
factor < kl when all the Xi-s are the same and all the yi-s are the same. And 
invariance again shows us that 

p{l, . . . , 1, -1, . . . , -1, r) = r-«<'('='"+°(i). 
fc ; 

These ^-s are non-trivial only in dimensions 2 and 3. In dimension 1 it follows 
from the "gambler ruin problem" that ^i(fc, I) ^ k + I while in dimensions > 4 
Brownian motions never intersect IDEK50I so ^ = 0. See |IL911 for a more detailed 
explanation of these facts. Hence from now on we will only relate to dimensions 2 
and 3. 

2. hi IBL90al it was shows that the same ^{k, I) hold for the equivalent problem for 
random walks (see also fCM911). Other relevant variations consider using Brow- 
nian motions (or random walks) W* with fixed length t, or with the length an 
exponential variable with expectation t ("a random walk with killing rate 1 / 1"). In 
either case, 

fc ; 

P(( U ^ ( U =^)= t-^'^''''^/^+"^'\ (25) 

i=l i=l 

For example, notice that, if tji is the stopping time when W exits dB{0, r), then 
the probability that either th > Cr^ logr or th < cr^ j logr are negligible, which 
explains ^25). 

3. hi IL89I it was shown that ^d(2, 1) = 4 — d. Very roughly, the proof uses the 
fact that two random walks starting from the same point can be thought of as one 
bi-directional walk, which allows to "reduce one parameter" and get an estimate 
for the probability. We remark that a similar technique was used in IL99I section 
12.5] to calculate some intersection exponents for combinations of random walks 
and loop-erased random walks. 

4. hi IBL90bl it was shown that the £,{k,l) are strictly increasing, and in partic- 
ular that ^3(1, 1) < 1. The proof uses the Wiener shell test, somewhat like the 
techniques we will use in chapter|4| 

5. In IL96al the estimate ll23i was improved to 

P(x,?;,r) « r-«(i'i) (26) 

i.e. the error was shown to be in a constant only (for better comparison, write 
P(x,y,r) = 7--5(i:i)+o(i/ iogr)^_ Roughly, this follows by proving "supermulti- 
plicativity" in the sense that P{rs) > cP{r)P{s). This, in turn, follows after prov- 
ing that two Brownian motions conditioned not to intersect will also be quite far 
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along the path and in their end points. In IL96bl this result was extended to sim- 
ple random walk via the so-called Skorokhod embedding, a coupling of Brownian 
motion and random walk on the same probability space so as to be quite close. 

The analog of IL96aj for general ^(fc, I) was proved in IL98I while the analog of 
lL96bl is ILPOoI . See also ILSW02bl . 

6. Both IL96al and IL96bl used the estimate i26l to prove the existence of many cut 
times or cut points for random walk, using relatively straightforward second mo- 
ment methods. Since ^3(1, 1) < 1 we get that the Hausdorff dimension of the cut 
points is strictly bigger than 1, which implies that the set of cut points of Brownian 
motion is hittable by a second Brownian motion meaning that the hitting probabil- 
ity is positive. See iL99t section 12.4] for the corresponding calculation for random 
walk. 

7. While we will not use it, it is impossible not to mention that in dimension 2 there 
is a precise formula for ^2 {n, k), conjectured by Duplantier and Kwon IDK88I and 
proved by Lawler, Schramm and Werner ILSW02a! l . Both the heuristic arguments 
and the final proof depend crucially on the Riemann conf ormal mapping theorem 
and are therefore specifically two dimensional. 

3.3. Definition. Let G be a d-dimensional Euclidean net. Let v <E G and r > 0. Let 
yl be a d — 1 dimensional spherical simplex (since we are only interested in d = 2, 3 
we have in effect an arc or a spherical triangle) in dcontB{v, r). Let |yl| be {d — 1)- 
volume of A normalized so that \dcont B{v,r)\ = 1. We wish to define discrete 
versions of A. For this purpose, identify each edge {v, w) of G with the linear 
segment in M'' between the two vertices, and say that w e A~ if w £ dB{v, r) and 
all edges (u, w), v G B{v, ?') intersect A. Say that w e A^ if w e dB{v, r) and some 
edge {v, w) intersects A. Any set A* between A" and A+ will be called a discrete 
version of A. Denote hy pa- = P''(i?(T;,r) e A*). We call G isotropic if 

\PA' - 1^1 1 < Kr-°' yv,r,A,A*. (27) 

K > and a > are parameters of G, so it would be more precise to call G 
(d, a, i^)-isotropic. We will rarely need to do so, though. As in the previous chap- 
ter, when we write G(G) we mean a constant that depends only on the isotropicity 
parameters d, a, K and the Euclidean net structure constants (see page ll2> . but not 
on other properties of G. Together we call these numbers the isotropicity structure 
constants. 

We haven't defined whether we are talking about an open, closed or other sim- 
plex because by expanding or contracting slightly it is obvious that if <27t holds 
for one than it holds for any and all. We also remark that by examining triangles 
intersecting no edge of G, it is obvious that a < d~l, and if G is a grid then a < 1. 
This last inequality tight: it is possible to show that the grid is isotropic with 
a = 1, though we will have no use for this fact. It would be interesting to con- 
struct an example ind > 3 of an isotropic graph with a > 1, even if one weakens 
the definition to require that j27| holds only for a specific choice of discrete version 
of A 

3.4. Coupling with Brownian motion. In this section with shall show how to cou- 
ple random walk on G with Brownian motion on M'^. This will be the main tool 
for using isotropic graphs and indeed, it is probably possible to define isotropic 
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graphs via the coupling. However, we will need some specific properties of the 
coupling (see below) that are cumbersome to formulate. 

We will construct the coupled walk and motion by considering a random walk 
Ron G and constructing an appropriate Brownian motion W. Let therefore R be 
given and define inductively a sequence of stopping times, tq = and 

n ■■= i-nm{t > n^i : \R{t) - R{n^i)\ > r,} r, i^/a^ (28) 

The reason behind the choice of will become evident later on, during the proof 
of lemma — we remark only that the connection between 4 and the dimension 
d is 4 > 2{d — 1). Construct now fixed divisions of the sphere S"^^^ into Di := 

r"^^ + 4 disjoint spherical simplices of (d — l)-normalized volume ~ 1/Di and 

diameter D^^^'"'^ (associate the boundaries of the simplices to them as you 
please — this is not important). In two dimensions one may just take to be 
a collection of (half-closed half -open) arcs of length l/Di. In three dimensions it 
is an easy geometric exercise to show that such a "triangulation" exists, knowing 
only that Di is > 4. For every 6 E Ai define S* which, unlike S, may depend on v 
and on the walk up to i?(Ti_i), to be a discrete version of S such that the S* cover 
dB{R{T.i-i), ri) and are disjoint^. Define, 

Pu-=nR{n)^5*\R{n^i)). (29) 

We get from ^ that 

\p^.s-\5\\<KT-". (30) 
Define therefore ry^ := min^pi ,5/|(5| and get 

1 > r;, > 1 - CKr'"'"^. 

We can now construct W , and we shall do so in parts, in parallel with times <7i 
which would be the analogs of r^. Define 14^(0) := v and ctq 0. Assume R{Ti) e 
(5*. Throw a random independent coin Xt with probability '>}i\5\/pi.s for 1. The 
definition of rji ensures that this number is S [0, 1]. If Xi = 1, define Wl to be a 
Brownian motion starting from and conditioned to exit 5(0, r^) at ViS. If Xi = 0, 
let VK/ be an unconditioned Brownian motion. In both cases define a[ to be the 
time when Wl exits B{0,ri). Finally define cr^ — ai-i + a'i and W on the interval 
(T,] by W{t) l^(<T,_i) + Wl(t - 

Lemma 3.1. The W constructed above is regular Brownian motion. 

Proof. Since Ecr- > c > and they are independent we get that almost surely 
^(Ti = oo and hence W is an almost surely well defined function [0,oo[^ M''. 
Now compare W to a regular Brownian motion W*. Let a* be stopping times 
defined by 

a* = inf{i > aU .W*it ) ^ BiW* iaU,n))}. 
Using the strong Markov property IRW94I page 21] inductively gives that W* (t — 
^i-i) ~ ^* i^i-i) is distributed like Brownian motion starting from and stopped 
when exiting B{0,ri). On the other hand, it follows from the definition that each 
Wl has probability i}i\S\ to be a Brownian motion conditioned to hit ViS (for every 
S G Ai) and probability 1 —rji{J2 Pi) tohe unconditioned, hence VF/ is also a regular 

^This definition is not unique, but everything will do will not depend on the choice of which 
"boundary vertex" to associate with which 5* . If one prefers a uniquely defined coupling, just order 
Ai and then associate each boundary vertex to the <5* first in this order 
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Brownian motion starting from and stopped on dB{Q,ri). Hence M^[0, Ci] ~ 
W* [0, a*] for all i. Taking limit as i ^ oo shows that W ~ W*. □ 

Lemma 3.2. Let G be an isotropic graph and v <E G. Let R and W be the coupled walk 
and motion starting from v. Let r^, and Ui be as in the definition of the coupling UE^ . 
Then 

P(3j < i : \R{Tj) - W{aj)\ > Xn) < C{G) exp{~c{G)X) 

for any A > 0. 

Proof. We use the notation Xi from the definition of the coupling. If Xj = 1 for 
some j then we get 

i?(T,_i) - R{rj) e r,d + B{0, C{G)) W{a,.,) - W{aj) e r,S 

Hence 

|i?(r,_i) - R{t,) W{a,^,) + W{cT,)\ < Cr]-'^^'^"-'^ + C(G), 

and since d < 3 we may simply write < Crj + C. Summing we get that if 
Xj — 1 for all j < i then 

i 

\R{n) - W{a,)\ < + C< C(G)i4/" = C{G)n. 

Hence we need to estimate 

^ |i?(T,_i)-i?(T,)-iy(a,_i) + iy(a,)| < ^ 2r,+C. 

j:Xj=0 3.X,=0 



Divide this sum into blocks 



:= + G. 



2'=-^<rj<2'= 

Now, each S/j contains < C(G)2'^'"/'* summands, and each summand is zero 
with probability > 1 — C(G)2~'''"/^ independently so a very rough estimate gives 

P(I]fe > A2'^') < G(G)cxp(-c(G)A). 

Define I := [log2 r^] and sum over k from to Ho get 

P(E > Xn) < P{3k : Sfc > cA2('+'=)/2) < G(G) ^ cxp(-c(G)A2('-'=)/2) 

k 

< G(G)cxp(-c(G)A). 

{*) comes from the fact that if S/, < A2(''+')/2 for all k then S = ^fc < (2 + 
V2)A2' < 2(2 + V2)Xri so one may take c = 1/2(2 + ^2) on the right hand side of 
(*). Since E < Xn implies |i?(rj ) - W{aj)\ < (A + G(G))ri for all j < i, the lemma 
is proved. □ 

Lemma [3.2l is not really convenient to use as is, because one needs to relate i to 
more natural events. Here is one such useful relation: 
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Lemma 3.3. Let G be an isotropic graph and let v e G. Let R and W he the coupled walk 
and motion starting from v. Let r > 1 and let T ~ Ty^r and S = Sv,r- Let n, n and ai be 
as in the definition of the coupling. Let 

I := min{i '. Ti > T, ai > S}. 

Then for some constant (^G), 

¥{ri > Ar'^H^^) < C(G) cxp(-A^(^)). 

Proof. Since W{ai) — W{ai-^i) are independent variables with mean zero and vari- 
ance cri we get (say by second moment methods) that for some c > 0, 

F{\Wia,)~W{a,)\>c[j24y^') >c Vj > 

k—i 

Lemma lS^ allows us to replace W with R: we get that for some constants ^ = IJ-iG) 
and v — I'iG), 

P(|i?(r,) -i?(r,)| > ^(E^fe) ) > c yj>i + iy. 

k—i 

In particular, if ri^^j — i > (2//i)r then P{R{Tj) <^ B{v,r)) > c for any R{Ti) e 
B{v, r). Hence if we define J := C(G)r^/(^/"+^/^) for some C sufficiently large we 
get both rj\rj > (2//i)r as well as J > i^. Hence 

P(i?(T(„+i)j) ^ Biv,r) I i?[0,r„j], i?(r„,) S B{v,r)) > c Vn > 1 

and hence P(T > Tnj) < Ce~™. An identical calculation shows that P(S' > cr„j) < 
Ce"™. Hence P(r/ > r„,/) < Ce~™ and since 

the lemma is proved. □ 
Corollary. With the notations oflemma \3.3\ 

mi < I ■■ dHaus(i?[0,r,],iy[0,a,]) > Xr^-W) < C(G) exp(-A=(G))^ 

Proof. Clearly we may assume A > 5. Let i* by the maximal i such that r^, < 
A/Ar^~1ll Then lemma |3^ shows that 

¥{3j < u ■ \R(Tf) - W{a,)\ > (^/A- 2)r,.) < G(G) cxp(-c(G)(\/A - 2)). 

Now, the point R{Tf} are an approximation (in the Hausdorff distance) of the entire 
path, i.e. 

rfHaus(i?[0,Tj], {i?(0), . . . , R{t,)}) < 

and similarly for W. Thus we get 

Vi3j < u : dHau.(i?[0,r,],M^[0,<T,]) > ^/Xn,) < G(G) cxp(-c(G)(\/A - 2)) 
and from the definition of i*, 

¥{3j < u : dHaus(i?[0,rj],l^[0,(7,]) > \r'~W) < G(G) cxp(-c(G)(\/A - 2)) 
Estimating the probability that I > using lemma IS3l proves the corollary. □ 
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Lemma 3.4. Let G be an isotropic graph, let v > \ and let v G G. Let R and W be the 
coupled walk and motion starting from v. Let Tr = T^^r and Sr = Sv,r- Then for all 
r > max 1, s, and for all A > 0, 

nCn.us{R[Ts,Tr],W[S,/,,S,r]) > Ar'-U''^) < C(i.,G)exp(-A^(«)) (31) 
P(CHaus(M/[5,, Sr],R[T,^,,T,r]) > Ar'^lS'^^) < G{,y, G) cxp(-A^(«)). (32) 
We explicitly include the case s = in which case we define Tq = Sq = 0. 

Proof. Let us prove | |31> . Let r^, and di be as in the definition of the coupling 
ll28t. Define 



Ii := max{i : < T^}, I2 '■= min{i : t,; > T!r}. 
Then lemma |331 gives that 

F{ri, > As^^H) < C(G) cxp(-A"(^)), (33) 
P(r/, > Ar^^H) < C(G) exp(-A=(^)). (34) 

Denote by ii the last i such that < As^ SI and by 12 the last i such that < 
Ar^ m Lemma [3 . 21 shows that 

n^j <tk:\R{rj)-W{<j,)\>Xr,J<C{G)cxp{-c{G)X) fc = l,2. (35) 

Together with the estimates of r/^ this gives the following corollary: 

ndii.us{R[Ti„Ti,],W[ai,,<jj,]) > XV-W) < G(G)cxp(-A=(«'). (36) 

We can replace A^ with A on the left hand side paying only in the constant inside 
the exponent on the right hand side. 

case 1: If s < r^^Hthen the fact that \W{Ss/^) - i?(T,)| < G(G) + 2s shows that 

CH.us{R[T,,Tr],W[0,S,r]) > CHaus (i?[T„ T,] , 1^ 5,,] ) - (G(G) + 2s) 

which allows to estimate 

n^ii.usiR[Ts,Tr],W[Ss/,,S,r]) > Ar'^H) < 

<n(^ii.us{R[Ts,Tr],W[0,S,r]) > (A - G(G))r'~Sl) < 

< nCH.us{R[Ti„Ti,],W[0,c7i,]) > {X-C{G))r'-m)+F{ai, > S,r) < 



< G(G)exp(-(A-G(G))"'^))+P(a/, > S,r). 

Now, to estimate P(cr72 > -S'^r) we use the fact that \R{Ti) — v\ < r for any i < I2 
and get 

P(ct/2 > S^r) < P(3j < ^2 : \W{a,) - R{tj)\ > {1^ - l)r - Ar'^H) + Fih > 12) 

< G(G) exp(-c(G)((i^ - 1)A- VH - 1)) + G(G) cxp(-A=(^'). 
Hence, if A < r'=('^', is proved. 



THE SCALING LIMIT OF LOOP-ERASED RANDOM WALK IN THREE DIMENSIONS 32 

case 2: If s > IHthen we estimate 

< nCH.us{R[Ti,,Tj,],W[aj,,aj,]) > Ar'^U) + P((7/, < Ss/,)+Fi<Ji, > S^r) 
j36| 

< C(G)exp(-A'=(«)) +P((T,, < Ss/,)+n<Ji, > S^r). 

Now, the estimate of Viai^ > S^r) is as in case 1. The estimate of P(o-/i < 5*,,/,^) is 
similar. Using \R{ti^ ) - v\ > s — ri^ — C{G), we get 

n<yh < Ss/.) < n\W{ai,)- v\ < s/iy) < 

< P{3j < ii : \W{aj) - R{tj)\ > s(l - - As^^H - C(G))+ 

+ P(/i >h) < 

I33l35l „ 

< C{G) exp(-c(G)((l - l/iy)X-\sE-C{G)) + C{G) cxp(-A"(^)) 

and again, if A < s'^^^\ <3H is proved. Since in this case s > r'^^'^^ it is enough to 
assume A < r'^^'^^ in order to get A < s'^^^^ and consequently <31> . 

case 3: The previous calculations proved the case A < rlUfor some (jJjt^G). How- 
ever, this implies that for any A < 2r11l 

n(^H.usiR[Ts,TrlW[S,/,,S,r]) > Ar'"lS^') < G)cxp (- (iA)^''''M 



or in other words, | |31> holds with different constants on the right hand side. How- 
ever, for A > 2r11l <3H holds trivially because 

(lii.usiR[Ts,TrlW[Ss/,,S,r]) < dnaus (i?[T„ T,] , 5,] ) < 2r 

so the probability in | |31> is zero. This finishes the proof of <3H . The proof of 135) 
is identical. □ 



Corollary. With the notations of lemma 13.41 if R and W start from a w, \v — w\ < 
js{l — l/v), then l OTl and (0^ still hold, possibly with different constants. Further, this 
holds if s = and \v — w\ < \r{v — 1). 

This follows from lemma and the monotonicity of Cnaus- 

3.5. Hitting of small balls. From now on we will prove "natural" facts about walk 
on isotropic graphs, natural in the sense that they don't need the coupling (or other 
special notations) to be stated. In this section we shall prove two lemmas about the 
hitting probability of "intermediate scale" objects, i.e. of the size 7'^^^ (both will be 
used in chapter In the next sections we shall focus on more delicate facts. 

Lemma 3.5. Let G he an isotropic graph, and let e > 0. Let r > G(e, G) and let v^w € 

B{x, r{l - e)), \v - w\ > \er. Let 

Where Hf ^ < s < |i; — u;| — ^er, (^G)from lemma U^ Then 

\p-q\< G(e, G)r-'=^^) maxp, q. 
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Proof. The first step is to get a simple lower bound for q. In the case |u — w| < 
jd{w, dcontB{x, r j) then a calculation using the continuous analog of ^Sj with the 
Newtonian potential IB951 chapter II 3] around w shows that 

|^l/log(r/s) d = 2 

(d being the dimension). Removing the condition |w — < jd{w, dB{0, r)), we 
still have J37t , perhaps with a different constant. Indeed, using the continuous 
Harnack inequality IB95t chapter II 1] for the domain B{x, t)\B{w,s + jer) shows 
| |37> for all w and v. 
Next define 

so q~ < q < ■ Now, the strong Markov property gives us that 

q-q- <r {Sy,,s<S^,r)- max fy {W[Q, S^^r] ^ B{w , s-) = %) 

yeda,„tB(w,s) 

and again, similar calculations with the continuous Newtonian potential gives, for 
anyy e dcontB{w,s), 

^l-(3/4)44| 

{W[0, S^.r] n B{w, S-) = 0) < C(e, d) < Cr W 

So we get q — q^ < Cqr^'^. A similar calculation shows that q^ — q < Cq'^r^^ and 
for r sufficiently large we may write q^ — q < Cqr^'^. 

To extract from these inequalities conclusions about — p|, couple R and W as 
above. Let r,, and cr, be as in the definition of the coupling Let 

/ := niin{i : n > Ty^r, oi > Sy^r}- 

When comparing p to g+ we need to consider two cases: the first that R[Q, t/] and 
W[Q, aj] are not very close; and the second is as in figure|3] In a formula: if A is the 
length of the longest edge in G then 

p-q+ <F {{R[0, T^^r] n dB{w, s) 7^ 0} n {^^[0, S^,r] n dB{w, s+) = 0}) < 

<F{dH.usiR[0,Ti],W[0,ai]) >/-^^^^^m- X) + 

nW[S^,r,S i-(3/4)dnB(w,s+)^0). (38) 
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Now, the corollary to lemma l3!3l for the ball B{v, 2r) gives, since B{x,r) C B{v, 2r), 
that 

ndii.usiR[0,Ti],W[0,ai]) >/~^'/'^m- X) < C(G)cxp(-r^(«)). 
while for the second summand we have from the strong Markov property, 

P(VF[5,,.,5 i-(3/4)i3JnB(«;,s+) ^0) < 

x,r-\--r IsT 

< max py{W[0,S i-(3/4)^ n S(.t, r(l - e/4)) ^ 0) • 

y&dcontB{x,r) x,r+r l^f 

max ¥y{W[0,S i_(3/4),rnl n s+) 7^ 0) < 

\l/log(r/,s) d^2- 

Both estimates of (*) follow from the continuous Newtonian potential. Note that 
we assumed here that ier > (■^/'')'|4] which we may, if r is sufficiently large. 
This finishes the proof thatp < q + Cr^'^q. 

The proof of the other direction is similar. We have 

q^ -p<f {{W[Q, S.^,r\ n dB{w, s") 7^ 0} n {i?[0, T^^r] n dB{w, s) = 0}) < 
< P(dHaus(i?[0,r,],Ty[0,a,]) > r'-'-'/'^H) + 
nW[S i-(3/4,™,5,,,]nB(?«,s^) ^0) 

x^r—r I3I 

and an identical calculation finishes this case, and the lemma. □ 

Lemma 3.6. Let G he an isotropic graph and let e > 0. Let r > C(e, G) and let v G 
B{x, (1 — e)r). Let A be a spherical triangle on dcontB{x, r) and let A* he a discrete 
version of it. Let q := ¥''{W{S^.r) € A) andp ~ V{R{T^^r) € A*). Then 



\p-q\< C{G,e)r H 



:g) 



(the only difference between lemma 13.61 and the definition of an isotropic graph 
is that here the starting point of the walk v might be different from the center of 
the stopping ball x). The proof is very similar to the proof of the previous lemma, 
so we indicate only the differences. We define q^ as the probabilities of W to hit 
dB{x, r) at A''^ where 

A+ := (A + B(0,r'"1ir')) nacontB(x,r) 

A- := e A : B{x, r^^lf ^) n dconiB{x, r) C a} . 

The proof that q^ — q, q — q^ < Cr^^ is direct calculation for v ^ x, and for general 
V follows from the continuous Harnack inequality. The proof that p — q^ < Cr^'^ 
is similar, except the last term on the right should be replaced, for example, with 



< 



{M^[0,5,,,]n (A + i3(0,r^-('/''^il)) ^ 0} n ^ A+}^ 

d{y,A)<r 



l-(3/4)j|| 



The proof that q — p < Cr and the rest of the lemma are similar. □ 
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3.6. Escape probabilities. In the section we move from the "intermediate scale" 
objects of the previous section to single points. This is more delicate, and we shall 
employ techniques similar to those of Lawler fL96b'|. Our main goal is theorem|31 
but first we need to state and prove two simple claims. 

Henceforth R and W will always be a random walk and a Brownian motion 
coupled as above. 

Lemma 3.7. Let H c be a half space. Let W be a Brownian motion on starting 
from some vertex v <^ dcontH. Let r > 2d{v, dcontH). Then 

Tata ^ atFi uw ^ ^{v, dcontH) 

r 

Proof. By translation, scaling and rotation invariance we may assume that r = 1, 
that V = eei for some ^ > e > (ei being the first basis element) and that H = 
{x : {x,ei) > 0}. Examine two positive harmonic functions: f{x) = P'-'{Sy^r < 
S{dHi)) and g{x) = {x,ei). Both / and g are zero on 9cont^^ so the boundary 
Harnack principle for Lipschitz domains IB951 theorem III. 1.2, page 178] shows 
that g{v)/ f{v) « g{xo)/ fixo) where xo is any reference point. But g{xo)/f{xo) is 
just a number, and the lemma is proved. □ 



Lemma 3.8. Let G C M.''- be an isotropic graph. Let H c be a half space. Let 
V & G \ dcontH. Let \p > s > r > 2d{v, dcontH). Let R and W be coupled walk and 
motion starting from v. Let £ be an event depending on i?[0, T^.r] and W[0, S^.r] only. 
Then 



\£ n {W[S,,,r. S^^s] n dcontH = 0}) < C-(P(f ) + C(G) cxp(-r^(«))) 



Proof. We may assume s > 4r and (using lemma r > 1. Let r^, and di be 
as in the definition of the coupling. Define / := min{z : r; > T^, <Ji > S'^.r} and 
examine W after aj. This is a regular Brownian motion, starting from W{(Jj) and 
independent of both W[0, ct/] and R[0, r/]. Therefore, if we denote by the event 
W[ai, Sy^s] n dcontH = we get from lemma l37l 

F(^|M^(..))<C ^.y;-^)'y) . (39) 

Actually, this holds only if W{ai) E B{v, s) — in the other case we will simply 
estimate P < 1. This shows that, 

F{£nJ'n{\W{crj)-v\ < 2r}) < CP(f)— ^ <CP{£)-. (40) 

s — 2r s 

For the case that |M^(cr/) — v\ > 2r we use the corollary to lemma to get 
¥{\R{Tj)~W{aj)\ > Xr) < Ccxp(-c(Ar)=). By the definition of /, either |l^(cr7) - 
v\ = r or \R{ti) — v\ < r + C{G) so we get 



P{\W{ai) -v\> Xr) < C{G) exp(-(Ar)'=(^)). 



(41) 
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Hence we get that 

P{{\W{ai)~v\ > 2r}r\T) = 

OO 

= Y,n{\W{<7i)-v\e]{X-l)r,Xr]}nJ^) 

^ I 1 otherwise 

< C(G)exp(-r=(^h- (42) 
s 

where the inequality (*) comes from J411 for the left multiplicand and J39> for the 
right multiplicand. Combining i40l and i42l ends the lemma. □ 

Theorem 2. Let G c M'' fee an isotropic graph. Let H dW^ be a half space. Then there 
exists a constant C^G) such that for any such H, any v with d{v, dcontH) > C^and any 
r > 2d{v, dcontH) one has that the probability p that a random walk RonG starting from 
V will hit dB{v, r) before hitting dH satisfies 

d{v, dcontH) 

p « . 

r 

Remember that the constants implicit in the ~ above, like 0^ may depend on 
the Brownian structure constants of G. Actually, the proof below shows that the 
lower bound does not depend on G at all, and the upper bound can be shown to 
do the same easily. However, we will have no use for these facts. 

Proof. Denote /i = d{v, dcontH) /r. We may assume w.l.o.g. /i = 2^^^ for some 
integer M. Before starting with estimates for R we need to know a fact about 
Brownian motion, roughly speaking that Brownian motion conditioned to have 
{SvAr < S{dcontH)} also avoids c^cont^f along (most of) its path. To formulate 
precisely, let /3 < 1 be some parameter which will be fixed later, and denote 

flfc = d{v, acont-ff)2'' bk af . 

So that r = um- Define stopping times Sk Sy^a^ for k e ]— oo, M + 2] and let 
^ ■= Ufci^^oo be defined by 

£k := {3Sk-i <t<Sk: d{W{t), dcontH) < bk} n {Sm+2 < SidcontH))}. 

Note that because we end at £ai+i we actually ignore the event of getting close 
to dcontH on the last stretch of the Brownian motion, namely ]S'a/+i, Sm+2] (this 
makes the proof a little simpler). We assume > 1 and then £k is empty for 
A: < -1. For < fc < M + 1 we shall use lemma 1571 in the form P(5fe_i < 
S (dcontH)) < C2~^ and again (together with the strong Markov property) to get 

nSM+2<S{dcontH)\W[QX])<G- t* inf diWit), dcontH) < bk. 

r t>Sk-i 

(clearly t* is a stopping time hence we may use the strong Markov property). 
Hence we get 
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and summing (remember that /? < 1) 

m < c /^\'TifV - (43) 

We now move to examine the random walk R. Couple W with R as above. Let 
Tk = Ty^a^ that is the i?-equivalents of the St- Assume Cftlis sufficiently large so 
that R[0, r_i] n dH ~ always. We start with a lower bound for p. A little set 
calculus gives 

F{Tm < T{dH)) > P(5m+2 < SidcontH)) -F{£)~ 

- n{SM+2 < SidcontH)} \ {{Tm < T{dH)} US)). (44) 

Now, if Tm > T{dH) then we have that R{n) e dH for some n e [Tk-i,Tk]. If 
Sm+2 < S{dcontH) but £ did not happen then we must have that d{W[Sk-2 , Sk+i], 
9contif) > bk-i and hence (lHe.usiR[Tk-i,Tk],W[Sk-2, Sk+i]) > - C. Thus we 
arrive at 

F{{Sm+2 < S{dcontH)} \ {{Tm < T{dH)} U £)) < (45) 

M 

< J2P{{CH.us{R[Tk-i,Tk],W[Sk^2,Sk+i]) > bk-1 -c}n 

k=0 

n {Sm+2 < S{dcontH)}). 

The estimate of <45> follows from lemma l3!4l but first we need to chose (3 and we 
choose /? = 1 — ^(j4|(G) where (gJ^G) comes from lemma ISTH The lemma then 
claims 

P{CH.us{R[Tk-i,Tk],W[Sk-2,Sk+i]) > bk-i -C)< C(G)cxp(-a^.'^)). (46) 
The condition Sm+2 < S{dcontH) can be added via lemma 15^ and we get 



{(ZH.usiR[Tk-i,nlW[Sk-2, Sk+i]) > 6fe-i -c}n 

n {Sm+2 < S{dcontH)}^ < G(G)cxp(-a^^^V2^ 
Plugging this into i45t and summing we get 

V{{Sm+2 < S{dcontH)} \ {{Tm < T{dH)} U £)) < C{G) cxp{^d{v,dcontH)'^''^)fi. 
This we may plug into J44> together with J43> and lemma l3^ and get 

P{Tm < T{H)) >^,(^c- C7^^^^1^2^^JJ!i^ - G(G) cxp(-d(«, d,on,H)<^^)^ 

and it is now clear that if C^is chosen sufficiently large, then d{v, (?cont-H^) > 
would give that everything mside the parenthesis is > c and the direction p > cji 
is proved. 

The proof that p < Cfi is, generally speaking, a mirror image exchanging the 
roles of R and W in the proof of p > c/i. Since our a-priori knowledge about 
the random walk is smaller (it is, essentially, lemma l2.12^ . the proof is somewhat 
rearranged. Here are the details: Define 

g, TV{T, < T{dH)). 

Fix one i > 4. For every j e [2, i — 2] examine the event 

:= {w[Sj.i,s,] n 5cont-ff 0} n {w]s,, 5,_2] n dcomH = 0}. 
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The event {Ti < T{dH)} n J-j has a number of consequences: 

(i) i?[0, T,„2] r\dH = %. By definition this event has probability 2'^-^gj_2- 

(ii) -R[Tj-2, Tj+i] n 5i7 = 0. Lemma 15^ shows that 

F{Cn.us{W[S,-i,S,],R[Tj^2,T,+i]) > ar^^) < C{G) exp{-af'''>) 

and since W[Sj^i, Sj] n 9cont^^ 7^ we get that with probability 1 - Ccxp(— ap, 

d{R[Tj^2, Tj+i],dH) < a]'"^^ + C{G). Denote this event by Q. Lemma l212l and 
the strong Markov property now show that 



n {T,+2 > T{dH)} I R[0, r,_2]) < C(G) 



„;-iir- ^^^^ 

a. 



Together with clause (i) we get 

F{{R[To, Tj+2] n ai? = 0} n {w[Sj^i,Sj] n Scontii' ^ 0}) < 

where in (*) we used the lower bound gj > c already established, 
(ill) W[Sj+2, Si] n 9cont^f — 0- Here we employ lemma |3^ and get 

P({r, < T{dH)} n J^j) < G2J'+2-'(c(G)22-^5,_2a7"^^^ + G(G) exp{-af'^'>)) 

< G(G)2-'5,_2a7'=('^\ 

With the estimate of P({ri < T{dH)} n Tj) complete we need only sum on j 
and use lemma to get 

i-2 

P({T, < T{dH)] \\Jt,)< P(W[5i, S,_2] n dcon,H - 0) < G2-' < G2-^5o 
SO we get 

9.<C{G)Y^g,[2~^^^^y . 

By lemma 4.5 of IL96bl , gi are bounded and the bound depends only on the 
isotropic structure constants of G (we use here that go < 1) and the theorem is 
proved. □ 

Lemma 3.9. With the notations of theorem^(but d{v, dcontH) > OM, let p be the proba- 
bility that a random walk Ron G starting from v will hit dB{v, r) UdH in the arc 



a 



dB{v,r) n {x : d{x, dcontH) > ^r}. 



Then pfn d{v, dcontH) /r. 

Proof, p < C{G)d{v, dcontH) /r is an immediate consequence of theorem|2l For the 
other direction, first assume w.l.o.g. that r > 4:d{v, 9cont^^)/ which can be done by 
lemma l231 Let A > be some parameter, and let /3 be the two arcs dB{v, r/2) n {x : 
d{x, 9cont^) < A?'}. Examine the event 

£ ~ {R{T{dB{v, r/2) U OH)) e /?} n {r„,,. < T{dH)}. 
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Theorem|2lshows that 

ViRiT{dB{v,r/2) U OH)) e f3) < T' (r„^,/2 < T{dH)) < C{G)d{v,d,ontH)/r. 
For any x £ (3 we have, again from theorem|2| 

P^n,r < T{dH)) < P^(r^ ,,/4 < T{dH)) < C(G)A 
if only A < I and Xr > C[G). Hence we get 

¥{8) < CiG)Xd{v, dcontH)/r. 
Combining this with the lower bound of theorem|2lwe get 

^^^^ d{v,d,on,H) ^ ^ ^^^^^^^ ^ ^^^^^^ ^ 

< V{R{T{B{v, r/2) U OH)) e dB{v,r/2) \ (3) + \C {G) '^^'' ' ^'°'''^\ 

r 

Choose A = A(G) some constant sufficiently small and get that 

¥{R{T{B{v, r/2) U BH)) e dB{v, r/2) \ /3) > c(G) ^'""'^^ 

r 

Lemma [2.5l now shows that there is a probability > c(G) to hit dB{v, r) U dH at a 
if you start from any point of dB{v, r/2) \ /?, and we are done. □ 

3.7. Lower bound for the non-intersection probability. The proof of theorem|2lin 

the previous section was modeled roughly on Lawler | L96bJ - In contrast, theorem 
|31 which will be proved in this section and the next, is a completely straightfor- 
ward generalization of IL96bl . 

Theorem 3. Let G be an isotropic graph of dimension 2 or 3. Then for any v^,v^ G G 
with — w^l > G{G), If and R^ are two walks with R^ starting from and stopped 
on dB{v^,r), r > 2\v^ — v^\, then 

,(G) (^^) ' < P(i?i n i?2 = 0) < GiG) (^^) (47) 

where ^ = ^ci(l, 1) is the intersection exponent from ( l23t . 

We shall not repeat the argumentation of |'L96bl|, we shall only note the pieces 
that require changes. Hence the rest of the chapter should be read side by side 
with |L96b |. Chapter 2 of ^26b| requires almost no changes: the following lemma, 
which is a replacement for (7) in lemma 2.5 is perhaps worth proving here. 

Lemma 3.10. Let e > and let G be an isotropic graph. Then there exists a 6 ~ (5(e, G) 
such that for any r > CMe, G); any v £ G and any w <E G with \v — w] < r one has 



pl.» p2,. (^2 ^ ^1 ] ^ I ^1 <s)<e 

\\z-v\<r ' ■ / 

where i?' are two independent random walks. 

In words, if we consider a path to be "(5-hittable from z" if the probability of a 
random walk {R^) starting from z to hit it is > 5, then what we prove here is that 
random walk (i?^) is, with probability 1 — e, (5-hittable from any z £ B{v, r). (to 
understand the formula formally, remember that the conditional probability P( - 1 *) 
is a function of * and note that the inf relates to a pointwise infimum of these 
functions). 
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Proof. Let x E G and let s > X where A = A(G) will be some constant sufficiently 
large that will be fixed later. Assume for now that A > | , G) where Qgi comes 



from lemma 12 .101 Hence we use lemma E.lOl and get for any y G B{x, jsj 



T,l,x,2,y 



(i?Mo, /J n R'[o, r^sJ ^ 0) > c(G). (48) 



For any path 7 from x to s/4) define Y{y, 7) := p2'«(7 n R^[0, 2J 0). 

Then l l48l implies that 

pi^-(y(y,i?M0,r,i,/4]) > c(G)) > c(G) Vy e 

If A is sufficiently large then we have dB{x, js) c B{x, ^s) and then F(-,7) is 
harmonic on {y -^s < \x — y\ < |s}, and we may use Harnack's inequality 
(lemma f2.2> to show that for some constant /i = /i(G), 

pi--( inf ^ r(y,i?i[0,T,i,/2])>M) >c(G). (49) 

Denote by Z{j) the event {inf3s/4<|j,_.y|<5s/4 F(y, 7) > fi} where x is the beginning 
of the path 7. 

Next, let N = N{e, G) be an integer parameter which will be fixed later. For 

t=l,...,N-l define T, := Tj^(i+,/^r),,. Let x, = R^T,). Let s = r/4N. Define 
to be the stopping times 

:= min{< > T, : G aB(.T,;, Is)}. 

Finally define = Z{R^[T„ Ui\). Then l|49j says that ¥{Z., \ Xi) > c(G). Since the 
only effect of Zi, . . . , Zi^i on is through Xi we get in fact that 

P(Z,|Zi,...,Z,_i) >c(G) 

and hence 

P( fl ^Z,) <(l-c(G))^-^ 

4=1 

Denote Z := uf^^Zi and choose our parameter N such that P(Z) > 1 — e. Lemma 
l2.5l shows that for r bigger than some constant i^(A^, G) we have that the probability 
of R^ to hit dB{xi, s) for any i and for any starting point z of R^ is > c(iV, G). If A is 
sufficiently large then dB{xi, s) C B{xi, |s). Hence we get for any i G {!,..., TV}, 

p(i?2[o, Tl^^] n i?i [r,V, r„i 7^ 1 ^0 > 

> P(i?2[o, y^^j n j^i^T^^ u,]^?)\ z,) > 

> P{Tl^, < Tl^,) ■ ny{R\TU,R\T,, [/,)) I zo > 

where (*) comes from the strong Markov property at the stopping time T^. 
Hence we get 

nR^[QXas]^R'[TlsX,2s]\Z) > fic{N,G). 

This finishes the lemma: we fix A and define 5{e, G) := ^j.c{N, G) and Cj^e, G) := 
max(8AfA, v{N, G)) and we are done. □ 
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Lemma 3.11. Let G be an isotropic graph and let M, K and e he some parameters. Then 
there exists a 5{M, K, e, G) and a Q^M, K, e, G) such that for all v, w e G, and all 

r > \v — w\, 

Pl.- (^inf p2^-(i?2[0,r2^J n R'[Q,Tl,r] + I R\^X.2r\) > '^"') < (^'^^ 

where the (*) stands for all the z G B{v, r) such that d{z, i?^[0, rj2r]) < Kr^~'^. 

The proof is identical to that of lemma 2.6 from || L96b ) and we shall omit it. Very 
roughly, it uses the previous lemma and the Wiener shell test. 

Chapter 3 of IL96bl has no real equivalence here. The Skorokhod embedding 
used in IL96bl has the convenient property that the random walk and the Brow- 
nian motion have comparable times, that is \R{t) — W{t)\ <C <^/'*+^ (after linear 
calibration). This is just not true in our case, or anyway would require non-linear 
adaptive calibration which is not worth messing with — measuring the Hausdorff 
distance between R and T4^ is a completely adequate replacement. Hence we shall 
make no effort to give analogs of the results of chapter 3 of iL96bl and continue 
immediately to chapter 4. Lemma 13.131 is a replacement for Lawler's lemma 4.1, 
but first an auxiliary result: 

Lemma 3.12. Let G be an isotropic graph. Let R^,W^ and R^, be two inde- 
pendent pairs of coupled random walk and Brownian motion on G starting from and 
v"^ respectively. Let s > r > 2\v^ — v'^\. Let £ be an event depending on i?*[0, T^^^] and 
W'[0,Sl^^] only. Then 

F{£n {W'[Sl„SlJ n W^[Sl„Sl,] = 0}) < C (^)^ {¥{£) + C{G)eM~r'^°^))- 
where ^ is from (l23t . 

The proof is identical to that of lemma l3^ with the use of lemma l3^ replaced by 
estimates for the non-rntersection probability of two Brownian motion, see IL96al 
(2)]. We omit the details. 

Lemma 3.13. Let G he an isotropic graph, let v ^ G and let R^, and R^ be two 
independent pairs of coupled random walk and Brownian motion on G starting from 
and respectively, \v — < 2™ and stopped on dB{v, 2"). Define Tj := 2j 
S] := 5^ 2, and 

Q] {cHaus(ff[r;_i,r;],M/M^-2,^+i]) > 2^^'"if''} U 

Ql ■■= {Cu.us{R%T:^+21W%SU3]) > 2('"+')(^"1ir''} U 
Q:=QlLiQlu \J Q]UQI 

j—7n+3 

Then 

P(Q n {W^[0, S'^+i] n W^[Q, S^^^] = 0}) < C(G) exp(-2"^(^))2-("-")«. 



THE SCALING LIMIT OF LOOP-ERASED RANDOM WALK IN THREE DIMENSIONS 42 

Proof. The corollary to lemma l34l with ly ^ 2 shows that 

P(Q}) < C(G)cxp(-2-''^(«)). 
Next, lemma shows that 

P(g;- n {VKi[0,S^+i] n W''[0,Sl^,] = 0}) < C(G)exp(-2^'^(«')2-("-^')«. 
Ql have a similar estimate. Summing on i and j we get the lemma. □ 

We now prove a lemma, the equivalent of corollary 4.2 of IL96bl , somewhat 
stronger than the direction F{R^ n i?^ = 0) > c{\vi - v2\/ry^ of We will 
need the strengthening in the next chapter. 

Lemma 3.14. Let G be an isotropic graph of dimension 2 or i and let v £ G and s > 

qgG). Letv\v^ G Gn {B{v,s)\B{v,ls)), - > ^s, let r > As and let t] be a 
unit vector in R'* and define two subsets ofG, 

:= {B{v,r/2)\B{v,s)) UB{v\^s)U (s(w,r) n {w : (w, ?/) > ir}) , (50) 
:= {B{v,r /2) \ B{v, s)) U B{v^ , ^s) U (^B{v,r) n {w : {w,r]) < . 
Let and are two walks with i?* starting from and stopped on dB{v, r). Then 

P({i?i n i?2 = 0} n {R' c U\i ^ 1, 2}) > c(G) (^)^ . (51) 

Proof. This is now immediate. Indeed, consider slightly smaller domains (but ex- 
tended outward), 

:= {B{v,^r)\B{v,f^s))\JB{v\^^s)\j{w^B{v,2r) : {w.ii) > ir} , 
{Biv, ^r) \ B{v, f s)) U B{v\ ^s) \J {w ^ B{v, 2r) : {w, r/) < -\r] . 

Consider also the event T that and W"^ are reasonably far apart along their 
paths, namely 

^-n n ^ 

4-1,2 j=[log2 S\ 

Then it follows using techniques similar to IL96al , see corollaries 3.9, 3.11 and 3.12 
ibid, and lemma 2.8 of I.L96bii that for s > G{G), 

P(J^ n {W'[Q, 2r] (lV\i^ 1, 2}) > c 

We couple to i?* such that {R^,W^) is independent from [R^, W^), and con- 
sider the event Q from lemma 13. 131 If Q did not occur, then i?* is sufficiently close 
to W such that W'[Q,Sl2r] C V implies i?'[0,r„\J C U\ if s > G(G). Further, 
\ Q also implies that R^ [0, J n i?^ [o, J = 0. Finally lemma shows that 
if s > G(G) then P(Q) < ^c{s/r)^ which finishes the lemma. □ 
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Corollary. Let G be an isotropic graph, let , v'^ G Gandletr > 4\v^—v^\. Let and 
he two walks starting from and stopped on dB{v^,r). Then 

F(fl.n«'.t),{>f>'l''-°W . 

Proof. Using lemma l3A4l we can fix a constant A = A(G) such that for all — | > 
A the first choice happens. Hence assume — < A and use lemma E . 1 41 with 
e I and s = A and get that either 

(i) There are no two disjoint paths going from and to the exterior of 
B{v^ , k{^, X, G)), K from lemma ITmI In this case the probability is for 
every r > k. 

(ii) For /i = maxK(i, A, G), Cjgjthere are two disjoint simple paths 7* start- 
ing from and ending at satisfying € B{v^,iJ,) \ B{v^, and 
B{w\ lfi)r]j^-' ^ 0. 
In the second case we use lemma 15 . 1 41 and get 

pi,»\2..^((^i ^ i?i[o,T„V]) n (7' U i?2[0,T„%]) = 0) > c(G) Wr)« 

where 7'ni?^~' = is satisfied because i3(it;*, 1^)07^^* = 0,7* C B{v^,fi) and the 
event of lemma imi includes that i?' n B{v^ ,fi) c B{w^, ^p,). In the case that the 
i?* start from u*, the probability that both follow 7' until its end is > c(G), which 
proves the corollary for r > 4p. For r < Ap the lemma will hold automatically for 
a sufficiently small constant in its definition. □ 

3.8. The upper bound. Having settled the lower boimd in theorem [Sj we need 
only the following lemma, which is slightly stronger than the upper bound (again, 
we will need the stronger version in the next chapter). 

Lemma 3.15. Let G be an isotropic graph of dimension 2 or 3. Then for any v^.v"^ G G, 
if R^ and R^ are two walks with i?* starting from and stopped on dB{v^,r) then 

P(i?i n i?2 = 0) < G(G) (^^^i^) ^ 

Proof. Assume that P(i?^ n i?^ = 0) > (in particular that ^ u^). Also assume 

w.I.o.g. that r > i\v^ - u^j. Let aj = 2^v^ - v'^\, h, = a~'^'^ and 7^' := T*i 
Define 

gj 2J'«P(i?i[0,T/] n R^[Q,T]] = 0). 

The corollary to lemma 15.141 shows that gj > c{G). We need to show that gj < 
C(G). Let and be Brownian motions coupled to R^ and R^ respectively, 
i.e. the couples {R^,W^) and {R'^,W^) are independent. Lets'] = S'^i ^ . Examine 
the event Tj that j is the last step where the intersect, namely, 

= {w^ ] sj,sl] n ] si si] = 0} n {w^ [s}_i,s}] n w^[q, s^ ^ 0} 

Define J'f replacing the roles of and W^. {R^ [0, T,\] n i?^ [0, T^] = 0} n has 
a number of consequences: 

(i)i?i[0,Ti_2]ni?2[0,T/_2] = 0. By definition this event has probability 2(2-i)c^^_2^ 
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(ii) Next we use the fact that the W" intersect while the W don't. The corollary to 
lemma l3^ shows that 

P(CHaus(M^'[5j_i,5j],i?i[I^_2,7;Vi) > bj) < C(G)cxp(-af^^) 

nCH.usiW^[0,S%R^O,Tf^,]) > b,) < CiG)cM^af^) 

and hence if we define := {d(i?i[T/_2, T'jVi], ^^[0, T^+i]) < 2bj} (yl standing for 
"almost intersecting") we get 

P {{W^[S}_i,S}] n W^[0, S^] ^ 0} \ ^) < C{G) cxp{-af^^). (52) 

Next define the event TV : = {i ?M^/-2. ^rf2] n R'^[0,Tf^2] = 0} (-^ standing for 
"not intersecting"). Lemma fS .111 allows as to estimate P(^n A/"): we use it with the 
parameters u = R^{Tj_2), r = aj+i, M = 2^, K = 2 and e = (gj/2. We get 

that with probability > 1 - q^2^, 2, (g|/2, G)aJ^l in i?^^ 



-5(2C,2,<l|l/2,G) 



R'[0,T^^,],R\T}_,))<a^ ' ' (53) 

Notice that we used the strong Markov property from the stopping time min {t > 
T/_2 : RHt) e B{v\aj+i), d(i?i(i), i?^[0, Ti^al) < Since the events that iJ* 

do not intersect up to T^_2 and everything that happens after the T^_2 are depen- 
dant only through i?'(T^'_2)/ and since I l53t holds for any values of R^{Tj_2) we 
get 

P(^ n {i?i[o, T}^2\ n = 0}) < c{G)a;^i + 2(2-j-)Cp^._2a7^(«) < 

< C(G)2-J"«.gj_2a7^('=) 
where in (*) we used the lower bound. Adding we get 

P{{w'[sj_„sj] n w'[o,s^] ^ 0} n {R'[o,Tl+i] n i?'[o,7f+i] = 0}) < 

< C(G)2-^«,g,_2a7=('=) + C{G) exp(-af < C(G)2-J"«5,_2a7^(^\ (54) 

(ill) Finally w e use the condition W^]SL2,S}^] n Vl^^ ] 5-2^^^ 5-2] ^ 0^ ^ere we 
employ lemma 13 . 1 21 and together with J54t we get 

P({i?MO,r„i] ni?2[o,T2] ^ 0} n^j) < G(G)2-"%_2a7'=^''^ (55) 

An identical calculation holds for T^. We are almost done! We need only re- 
mark that 



{i?i[o,T^]ni?2[o,r„2] = 0}\ U :f;\< 

2<j<n-2 ^ 
i=l,2 

< P (l^M^i : ^n-2] n W\S\, Sl_2\ = 0) < G2-< < G2-<go 



and we get 

n — 4 

-c(G) 



5n<G(G)^5,(2" 

By lemma 4.5 of lL96bl , (7i are bounded and the boimd depends only on the 
isotropic structure constants of G (we use here that 50 < 1) so the lemma and 
theorem|3]are proved. □ 
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4. QUASI-LOOPS 

Let 7 be a path in a d-Euclidean net and let v G M'^. We say that 7 has an (s, ?-)- 
quasi-loop near v if there exists a couple of points 7(1), 7(j) € B{v,s) such that 
diam7[i, j] > r. In this case we write v E QC{s, r, 7). We take the v-s in a grid such 
that the balls B{v, s) cover K'* and define 

QL(s,r,7) :=#(Q/:(,s,r,7)nisZ'^). 

Our purpose in this chapter is to prove that loop-erased random walk has no 
quasi loops in the following sense: 

Theorem 4. Let G be an isotropic graph of dimension two or three, and let < e < 1. 
Then there exists a 5 ~ (5(e, G) > such that for all v <E G, all r > C(e, G) and any 
subset V eV c B{v, r), 

E" QL(ri-% r^-*, LE(i?[0, T{dV)])) < G{e, G)r~*. 

Dimensions two and three are very different. The proof for dimension two was 
done in the case of by Schramm ISOOl lemma 3.4] and is practically the same 
in our more general settings (O lemma 18] is another variation on Schramm's 
argument). Therefore we shall only sketch the required elements in the end of the 
chapter. We shall concentrate on dimension three. It turns out that the techniques 
we use will rely heavily on the non-intersection exponent and therefore work only 
for isotropic graphs. Hence an interesting conjecture appears 

Conjecture. Theorem^holds for any Euclidean net. 

Again, this is true in dimension two, hence the interesting case is dimension 
three. 

It will be convenient in many places to consider discontinuous paths. Therefore, 
if 7 : {1, . . . , n} ^ G is some function (without the restriction that 7(1) and j{i + 1) 
are neighbors), LE(7) will be defined using the formula l|6) literally, and is a simple 
discontinuous path. Likewise we will define 71 U 72 even if 71 (Icn 71 ) is not a 
neighbor of 72(1). If 7 is a (possibly discontinuous) path and A is some set, then 
7 n A would stand for the discontinuous path created in the natural way from the 
parts of 7 inside A, in order. 

Here and below when we say "7 is a discontinuous path", we do not exclude 
the possibility that it is in effect continuous. 

4.1. Cut times. For any path 7 we define 

cut(7) := {7(1) : 7[0,i] n7[i+ l,lcn7] = 0}. 

is satisfying the condition will be called cut times and the 7(j)-s will be called cut 
points. It is clear that cut 7 C LE(7), indeed cut 7 is contained in any connected 
subset of 7. It will also be convenient to define 

cut(7;f) := {7(1) : i < i, j[0,i] Ci j[i + l,leii7] = 0}. 

It has the useful property that cut(7;t) is increasing in t and decreasing as 7 is 
extended. 

For a random walk R, cut R is intimately related with the non-intersection ex- 
ponent ^ via time symmetry. Lemma [4.2l below has the details, but first we need 
some simple preparations. 
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Lemma 4.1. Let G be a three dimensional Euclidean net, let v <E M'^ and let r > C{G). 
Let be random walks on G starting from points in B{v,r). Let E be an event with 
depends only on i?*[0,T^^] and let T be an event that depends only on B}\Tl 2ri'^\- 
Then 

The constant implicit in the « notation may depend on the number of walks, and on the 
isotropic structure constants. 

Proof. For every x e dB{v, r) and y G dB{v, 2r) let TT^^y be the probability that a 
random walk starting from x will hit dB{v, 2r) in y, and let tt^ be the probability 
that i?(T„ 2r) = y. By Harnack's inequality (lemma [2. It we have that tt^ j, w T^x',y 
for any x,x' G dB{v, r). Hence 

This gives 

P(f n ^) = ^ p (f n {R\Ti^) = x^]) n I R\K2r) = Vz) 

x\y' i 

« ^ p (f n {i?'(T;j = x'}^^) YlTTy.viT I (t;^,) = y' y^) 

x',y' i 
= P(£)P(J^) □ 

Lemma 4.2. Let G be a three dimensional isotropic graph. Let v <E G and r > C{G). 
Define the annulus A B{v, 2r) \ B{v, r). Let w g B{v, ^r) and let be a random 
walk starting from w. Let 

C := cut (i?i[0,cx)[;T„\4^) . 

Let z € B{v, ^r) and let R^ be a random walk starting from z and stopped on dB{v, 4r). 
Then 

p(c n R^[o, Tl^,] n A ^ 0) > <^G). 

The proof is a relatively straightforward application of second moment meth- 
ods, but is quite long. Hence we shall divide it into several shorter claims. 

Sublemma 4.2.1. There exists a O^G) such that for any x <E G one of the following 
holds: 

(i) There are no two disjoint paths leading from x to dB{x, Cjgj). 

(ii) For any r > C^there exists two disjoint simple paths 7' c B{x,r) that satisfy 
that ify^ is the end point of^^ then 

B(y\Hn7'"'=0, f eB{x,r)\B{x,lr) (56) 
"disjoint paths" here mean except the point x common to both 

Subproof. Let A = A(G) satisfy that any edge in G has length < A. Then lemma lZTH 
for e = i, s = A and all neighbors of x gives the result with ~ k{^, X,G). □ 

Points X for which there exist two disjoint paths leading outside B{x, 0^ will 
be called C-capable. 

Sublemma 4.2.2. Any ball B of radius O^q^G) contains at least one C-capable point x. 
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Subproof. Let 7 be a path in B n G that the distance between its two ends y^,y^ is 
- 2(^|fo]- C{G). We may assume 7 is simple (say by taking its loop-erasure). Let 
X be the point of 7 closest to the plane exactly between and y^. Then clearly the 
portions of 7 up to a; and from x on are disjoint paths that lead to distance at least 
- G{G), which proves the sublemma, if tj^is sufficiently large. □ 

Sublemma 4.2.3. Let x € G and p > G{G). Let and be two random walks 
starting from x. Define subsets similar to i l50l > as follows: 

:=S(a;,p/2)U (S(^n{y: (y, (1,0,0)) > ip}) , 

:= B{x, p/2) U (S(^n {y : {y, (1, 0, 0)) < ~\p]) . (57) 



'Notice that B{x, p) above refers to closure in G. Define further events V {R^ [0, p] C 
V%=i,2 andM := {R\Q,Tlp] n R^[l,Tlp] = 0}. Then 



P^(A/') wP^(A/'n V) 



p ^ xis C-capable 
otherwise 



Subproof. The case that x is not C-capable is obvious if p > Gtgi In the second case, 
use sublemma 14 . 2 . II with its r equal to cr := maxjOgi Cfci} (cfe|from lemma l3.14t 
and get two disjoint paths 7' ending in y^ satisfying li56> . This allows to use lemma 
I3.14l with walks starting from the y*, the v, s and r of lemma l3.14l equal to x, a and 
respectively, and with ?/ = (1, 0, 0). We get 

where is defined in JSUJ. In particular, i?* c shows that i?* n B{x,a) c 
B{y\ iff) and hence from Q WDj^-' = 0. Further, i?' c U' implies 7*UiT!* C V\ 
Finally, since the probability that the i?'-s starting from x follow 7' until is « 1 
we get P(7V n V) w To finish the sublemma, notice that P(7V) < C(G)p-« 
follows from lemma 15. 151 □ 

Sublemma 4.2.4. Let x £ A and let R^ and R^ be two random walks starting from x. 
Define n := T\w) < T^^^ and Af' := {R^[0,T\w)] nR^[l,oo]^ 0}. Then 



p(7V' n n) 



> c{G)r ^ ^ X is C-capable 
= otherwise. 



Subproof. We use sublemma 14.2.31 with p = jr and get that (assuming x is C- 
capable), that 

P(A/'n V) w r^«. (59) 

Examining the structure of the V^-s it is not difficult to see that one may construct 
six domains S^,W, V- c i?(0, 5) with the following properties (see figureH) 

(i) 5^,7?cX'*and5^n7? = 0. 

(ii) If r > C(G) then dV^ n dB{x, \r) + rS\ 

(iii) n I?2 = and, if r > C(G) then V'C^{v + rV^-') = 0. 

(iv) c 5(0, 3), B(0, i) C Ti}, and 5(0, 4) n = 0. 

(v) The collection of for all .t,w and r satisfies the conditions of 
lemma 12.51 |(iii)| 
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Figure 4: The S\ W and P' in the figure are actually v + rS^, v + rW and v + rV^ 
respectively. Ji^ is not shown, imagine it "far away" inside T)"^ . 



Condition |(ii) | ensures that under the event V we have R^{T^ p) & v + rS"^. Hence 
we can apply lemma l27l with ,H^and lemma IZSl with I)^,S^,H^ for the 

continuation of after p. We get that 

P{T\w) < T\d{v + rV^))\R^[0,Tlp] C V^) > c{G)/r. 

nTlir < THd{v + rV'))\ R^[0,Tlp] CV^)> c{G) 

On the other hand, condition [(m)] ensures that if R'[T^ p,T{v + rW)] C v + 
then i?i[0, T{w)] n T{v + rH^)] = and vice versa. Together with JS^ we 

get 

F {Af" n {R^[0,T\w)] C B{v,3r)}) > c{G)r-^~^ . 

N" {R'[Q,T\{w])]C^R^[\XA^ = 0} 

This ends the sublemma since lemma l2!6l with I? = M'^ and H ~ B{0, 3) shows that 
the probability of R^ to never hit B{v, 3?') after hitting dB{v, 4r) is > c(G). □ 

Let £ be an event on a space of curves. We say that £ is loop-monotone if 

£(7) =i> f (7') whenever 7 is 7' with some loops added. In other words, adding 
loops can only hurt £. A typical example of a loop-monotone event is {x S C} 
for some x (C from the statement of lemma l4!2i . We shall use loop-monotonicity 
to encapsulate the idea of time reversal in a convenient way in the following sub- 
lemma: 

Sublemma 4.2.5. Let v, w,x <E G and let £ c {T{x) < Ty^r} be a loop-monotone event 
on the space of curves on G starting from w. Then 

P"'(£(i?[0,cx)[)) (£ (r^UR^^ n {T\w) < Tl^}^ 

where the notation R^ U R^ means taking R^ [0, {w)], reversing it (so that it starts from 
w and ends at x), and concatenating R^ [1, 00] at its end x. 
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Subproof. Denote W = #{t > 1 : R{t) = w}. The loop monotonicity off gives 

P«' (£ I W = fc) < P (£ I W = 0) Vfc > (60) 

since conditioning by W = fc is equivalent to adding k closed paths from w to itself 
and then starting a walk conditioned to have W = 0. Hence we get 



^ 1601 

k>0 

(*) 

< C(G)P(£n{W = 0}). (61) 

where (*) comes from the transience of G. 

Next we use the time-symmetry of random walk in the form for the portion 
of the walk between w and x. We get 

P'^(£n{W = 0}) « pi-^^2,x ^"j^i ^ ^ {t\w) < T\{x} U dB{v,r))}^ (62) 

where the w sign hides the bounded quantity uj{w)/lu{x). 

The last step is defining Q :^ £ (r^ U i?^^ n {T^{w) < T,}^} and X #{t e 
[l,T^{w)] : R^{t) ~ x}. The loop-monotonicity of f gives 

pl,x,2^x I ^ ^ fc^ ^2 ^ < p I ;f ^ 0, i?2 = 7) Vfc > 0, 7 
which gives, like 1I6II , 

p(g I i?2 ^ 7) « F{g n {A- = 0} I i?2 ^ 7) V7 

and summing over all paths 7 starting from a; we get 

p(^) « p{g n{x = 0}). (63) 

| |61> , <62t and | |63> together finish the proof. □ 
Sublemma 4.2.6. For any x e A, 

> c{G)r~^~^ X is C-capable 
= otherwise. 



\x e C) 



Subproof. This is an immediate consequence of sublemmas l4.2.5l and l4.2.4l □ 

This completes what we would need for the estimate of the first moment, and 
we move to the second moment, which is not really all that more complicated — 
the complication from the fact that it is second moment are partially compensated 
by the fact that we need an upper bound rather than a lower. 

Sublemma 4.2.7. For any x £ A, 

P{xeC) <C{G)r-^-^. 
Subproof. Sublemma l4.2.5l shows that 

F^{x e C) « Pi'-"'2,x < Tl^^.} n {i?MO, T\w)] n i?^ [i,oo[ = 0}) < 

< IP''-"'''" {{T\w) < Tl,,} n {R'[oX,r/4] n R'[i,Tlr/4] = 0} 

and lemma l4Al shows that 
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Sublemma 14 . 2 . 31 shows that the term on the right is < C{G)r ^ while lITSi shows 
that the term on the left is « r^^. □ 

Sublemma 4.2.8. For any xi,x2 € A, 

F{xi,X2 eC)< C{G)ir\xi ~ X2\y^~^. 

Subproof. First let us note that it is possible to assume \xi — X2\ > C{G) since 
otherwise P(a;i, X2 G C) < P(a::i € C) and then sublemma l4.2.7l applies. Moreover, 
it is enough to prove that 

P {{xi,X2 eC}f^O)< C{G){r\xi - :e2|)-'"^ 

where O := {Ti < T2} and Ti is the last time i? is in x;. The other case is just a 
renaming of xi and X2- 

Define now p := — X2 \ and x = (xi+ X2)/2. Denote X = {xi,X2 G C} n C 

X is loop-monotone, hence we may use sublemma 14. 2.5l for 2-1 and get 

{at < Tl^,. : {R^{t) = X2} n U R^[0,t])) nR^[t+ 1, oo[ = 0} }) • 

where the i?'-s in the expression R^DR^ —% stand for the walks until their natural 
ending, namely R^ [0, {w)] and R^[\,oo[ respectively. Denote R^ {T^^ 2p) by y and 
"stop" R^ there, and consider the rest of i?^ as a new random walk R^ starting from 
y. We get 

y£dB{xi,2p) 

n {R^ n u 0} n {at < t^%^ : {R^{t) = x2}n 

n { (i?^ u u i?^[o, t]) r\R^[t + 1, oo[ = 0} I) (64) 

where R^ stands for R^[l, T^^ 2p] stands for R^[0, 00 [. We use sublemma 

I4.2.5l again, this time for the random walk R'^ and the point X2 (it is easy to see that 
the corresponding event is loop-monotone for any value of R^ and R^). We get 

V 

n {T^{y) < T^^^} n {R^ n (R^ UR^U R^) = 0} n 
n{(i?iui?2ui?3)ni?'* = 0}) (65) 

where R^ stands for R'^[0, T'^{y)] and i?* stands for 00 [. Reducing slightly the 
non-intersecting sections we may write 

F"'{X) < C{G) ^ P(^same first three conditions n 

V 

n {R'ioXup] n R^ihTlJ = 0} n {R^oX.J n i?'[i,T4^J = 0} n 
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Denote the three non-intersection events above by A/i, A2 and A3 by order. We 
understand that if 18p > r/4 then A3 is considered to always be satisfied. Now, 
sublemina l4.2.3l shows that 

and since these events are independent the probability of their intersection is < 
C{G)p^^^. Assume for a moment that 18p < r/4. Then we use lemma 141] for the 
ball B{x,9p) and get 

PiMi n AAa n AAi) w ¥{Mi n A'2)P(A'3) 

and theoremOlshows that P(A;3) < C(G)(p/r)«, so in total 

PCA"! n AAa n AAj) < C{G){rp)-^. (66) 

If 18/9 > r/4: then (rp)^^ ~ p^'^^ and | |66> is again satisfied, so we can continue 
without the assumption 18p < r/4. 

Finally we need to accommodate the various hitting and exit conditions in i65i . 
Let £ be the end points of the portions of the i?'-s needed for the A/i-s, namely 

For the condition T^{y) < 4r we use the fact that for any point z where exits 
B{x2, p) we have 1^ — j/| > p and therefore the estimate of the harmonic potential 
dT^ gives 

P(T3(y) < T„%, I £) < P(T3(y) < oo | £) < C{G)p-\ (67) 
A similar argument for gives 

nT\w)<Tl^,\£)<C{G)r-\ (68) 

Conditioning over £ the events of l|67j and ^68}; P(i?2 {Tl^ ;2p) = v) and Ni C^N2 r\Ni 
are all independent. Hence we get 

(*) 

P'"(A') < ^ C(G)p- V-ip(A'i OA's nA'3 = • 

E 

yedB{xi,2p) 



= G{G)p-h^-^¥{J\finAf2nAf3) < G{G)ipry^-^. 
where in (*) we used <67> , J68> and independence. □ 
Proof of lemma \4.2\ Let 

A' = #{cni?2[o,r2jn^}. 

Sublemma l4.2.6l shows that 

EX = J2^i^ ^C)V{x e i?2[0, T24,,]) > 



> c{G)r-^-^if{x e A:xisC capable} ciG)r^-^ 
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where in {*) we used sublemma 14.2.61 to estimate P{x e C) and J13> to estimate 
P (x G i?^[0,Tj4^]); and follows from sublemma 14.2.21 Correspondingly we 
have 

EA-^ = , e C)P (a;i ,X2 e [0, ^ J) < 

< C(G) J2 (H^i -^2|)-'-« C(G)r-2-« ^ 2"(i-«) < 

a;i,2;2£^ a:;iGA n— 1 

< C(G)r2-2« 



where (*) follows from sublemma 14 . 2 . 81 for F{xi, X2 e C) and l(T2l for P(a::i,X2 € 
i?^[0, r^^4^]); where comes from the volume estimate #{x2 : \xi — X2\ € 
[2", 2"+^[} w 2-^" for n > C{G) since our graph G is roughly isometric to M"^; and 
where (f) comes from the same volume estimate since r > C{G), and (finally!) 
from ^ < 1. The well known inequality F{X > 0) > {^Xf /V.X'^ now finishes the 
lemma. □ 

Corollary. Under the assumptions oflemma \4.2\ 

V^'^\yz e B{v, ir), P2'^(C n R^[0,Tl^^] n A ^ 0) > c(G)) > c(G). 

Proof. Denote the event inside the inner P symbol by £. Then lemma [Ol shows 
thatPi'"'^2,i.('£-) > xhis shows that 

pi'«'(p2'"(£) > c(G)) > c(G). 
Now, for any infinite path 7 starting from w, the function 

/(z) = p2'^(f |i?MO,oo[= 7) 

is harmonic outside A and in particular in B{v, ^r). Hence Harnack's inequality 
(lemma f2.1> shows that min^g^j^, i^-j f(z) > cf{y) which proves the corollary. □ 

4.2. Conditioned random walks. 

Lemma 4.3. Let G be a three dimensional isotropic graph. Let v G G and let H dW^ be 
a closed half space with v e dcontH. Let r > C{G) and let T c B{v, r), d{T, H) > 
Let Rbea random walk starting from v. Then 

P(i?(T„,,) e H I i?[o, T,^r\ n r = 0) > <^g). 

(Cj5|is from lemma l3^ page|38| In particular d(r, H) > Cjgjimplies that the set 
of paths from v to dB{v, r) not intersecting T is non-empty — use the lemma for a 
translation of H by 

Proof. The equivalent question for a Brownian motion can be solved by reflecting 
through (?cont^f the last section of the motion not intersecting ScoxaH, with the result 
that the corresponding probability is > ^. Our proof is a discrete version of this 
idea. Formally, denote by Ti (respectively Ti~) the space of all paths from v to 
dB{v, r) O H (respectively dB{v, r) \ H) not intersecting F. We shall dissect Ti.^ to 
disjoint sets iV^ indexed by Q: 
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and map each N:^ into a set N-y c H such that the following holds: 

(i) nNy) > c(G)P(7V^-). 

(ii) Every path /i e is contained in at most C(G) different A'^^-s. 
Together these properties show that P{Ti) > c{G)P{H^) or equivalently 

F{R{T,^r) e H I R[0, n^r] n r = 0) > c(G)P(i?(T„,^) ^ H I R[0, T„,^] n T = 0) 

which would conclude the lemma. 

The set Q is the set of all paths 7 in B{v, r) avoiding F such that x :~ 7(10117) ^ 
H but its neighbor x' := 7(lcn7 - 1) e H. For each j e G the set N~ is the set 
of all paths that follow 7 until its end and then avoid hitting HUT until hitting 
dB{v,r). It is clear that {iY^j^^g, are disjoint sets covering . Take one 7 £ t/, 
let X be its end and denote p := d{x, dB{v, ?■)). Clearly V{N:^) is the probability 
that R follows 7 (denote it by p^) multiplied by the escape probability 

(*) 

p^(r„,,r < T(r u H)) < p'^in^r < T{H)) < p^(r^,p < t{h)) < c{G)/p 

where (*) comes from theorem|2| 

We shall now construct under the assumption that p is bigger than some 
constant po{G). The value of po will be fixed later on, but for now we need po > 
4Cjg[ We use lemma with the point x', the radius 4(;|^and with the half-space 
H' = H + 5(0, (M and we get that there exists a simple path 8' c B(a;',4(*j) \ H' 
from x' to dB{x'^(M n {y e H : d{y, dcor^H > 0^. Let (5 = 7 U (x, x') U (f^^Note 
that r n i7' = andtherefore also T n (5 = 0. Let iV^ be the family of all paths 
that follow 6 until its end and then stay inside H until they exit B{v,r). If p < po 
simply let S' be the shortest path from x to dB{v, r)\ H not intersecting F and let 
to contain only the path 7 U (5'. 

The lemma will be concluded once we show [(I)] and |(ii)| To see[(i)| first note 
that the case when p < po is obvious since then P(A^^) ~ pj ~ P{Ny). In the case 
p > Po, the length of 5' is < C{G) so the probability to follow (5 is > c{G)p^. We 
use lemma 13.91 again to get that the probability of a random walk starting from 
y := 6{\cn 6) to hit 

a := dB{y, p) n {z : d{z, dQ) > \p} 

before dH is > C{G)/p. Finally, lemma l231 shows that for any z e a a random 
walk starting from z has a probability > c(G) to exit B{v, r) before hitting dH. To 
use lemma IZSl we need to assume that p is large enough, and this is the condition 
for Po which can now be fixed. All three together give[(i)] 

As for |(ii)| it is easy to see that every h <E TC can belong to only boimdedly many 
for which p < po- Hence examine the case p > po and let h £ H. If h E 
then X ^ H but after y all points of h are in H and the path between x and y is in 
B{x, C{G)). Therefore if we define e{h) as the last vertex in h \ H we know that 
X £ B{e{h)),C{G)) and in particular has just C{G) possibilities. Since 7 is simply 
the part of /i up to x we see that it too has only C(G) possibilities which shows [(ii)] 
and the lemma. □ 

Lemma 4.4. Let G be a three dimensional isotropic graph and let e > 0. Then there exist 
a q = q{G) > and a 6 = <5(e, G) > such that the following holds: Let v € G, let 
r > G(e, G) and let s £ [r, 2r — er]. Let T c B{v, s) be some set such that 



p''(i?[o,r„,4r]nr^0) <<5. 



(69) 
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Let w e dB{v, s) be admissible (see below). Then 

pi'"'(Vy e B{w, er), r^y{l) > q) \ R\Q, T^^,] n T = 0) > g, (70) 

I {cut(i?i[o,T,i4.];7;i.r) n i?'[o,r2 j ^ 0} . 

We call w admissible if there exists a path 7 c B{w, lOCQ starting from w and 
ending outside B{v, \v — w| + 2(Q which does not intersect F (the constant 16Cj^ 
will be used in lemma l431 below to show that many admissible points exist). 

In words, the lemma says that the fact that cut(i?^) is hittable does not change 
if one condition by not hitting T, even if one starts very close to F — the only 
condition is that F is not very hittable (< 5) from far away {v). The fact that e 
affects only 5 but not q will play a significant role later on. 

Proof. Let A = A(G) be some parameter that will be fixed later. Denote also /i := 
e/4A and p ~ jir. Let 7 be the path from the definition of admissibility of w and 
assume w.l.o.g. that it is simple (say by taking LE). We use lemma with the 
starting point being w' :~ 7(lcn7); with H' being the half space orthogonal to 
the segment [v, w] such that w' G dcontH'; and with the radius some p' to be fixed 
later. (Note that the condition of lemma I^Sl rffF. H') > Cj^will be fulfilled if r is 
sufficiently large). We get that if p' > C{G) then 

pi'-'(i?i(T„V,,0 e H' I i?i[o, r^,,,,] n F = 0) > c(G). 

Let H be the translation of H' such that w e 9cont^^- On one side, the probability 
that a random walk starting from w will follow 7 until w' is > c(G). On the 
other side, if p' = p — C{G) for some C(G) sufficiently large then for any point 
X G dB{w' , p') n H' there is a probability > c(G) that a random walk starting from 
X will hit dB{w, p) U F in dB{'w, p) n H. All these allow us to drop the ' notations 
and we get 

pi'"'(i?i(T^,,) e H I R'[0,TlJ n F = 0) > c(G). (71) 
Denote this event by H. 

Next define C = cut(i?i[T„\p, T^^^^]]Tl „) and A = B{w, \er) \ B{w, \er). The 
corollary to lemma l4!2l shows that, for any x e dB{w, p) and some c(G), 

pi'^(V?; e ier), p2'2'(C n i?^ n ^ 7^ 0) > c(G)) > 

>pi--(VyGB(?i;,ier), 

p2'^ (cut(i?i [0, (X)[; tJ,_, J n i?2[0, Tl^J n A 7^ 0) > c(G)) > 

>c(G) ' ' (72) 

where the notation i?* (e.g. i?^ above) stands for i?* [0, Tl_^^], and where the ^ in 
the definition of C is considered to be when starting from x. Since I promised to 
prove the lemma for any y E B{w, er), just note that for any such y we have that 
with probability > c(G) the walk i?^ hits B{w, ^er) and therefore l l721 holds for the 
larger ball too, i.e. 

pi'^(Vy e Biw, er), F^'^iC n i?^ n A 7^ 0) > c(G)) > c(G). (73) 

Denote this event by J. 

Next we take into consideration A. Using with Green's function G(-,w; 
B{v, 4r)) shows that 

V'^''{R'K,r/4:Tl,r] H i?(u;, p) ^ 0) < (74) 



THE SCALING LIMIT OF LOOP-ERASED RANDOM WALK IN THREE DIMENSIONS 



55 



Denote this event by K. 

The next step is saying, roughly, "if T is not hittable, then conditioning by not 
hitting r has no effect". Formally, we assume that, for some v = v{G) to be fixed 
later 

P^'^(i?i n r 7^ 0) < 1/ Vx e dB{w, p) n h. (75) 

As we shall see later, this assumption will be satisfied with a proper choice of 5. 
For now, this allows us to preform the following calculation, which will return us 
to a walk starting from w: 

f^''"{J\JC\R^ c^v = 0) > 

> P^''^((j \ /c) n I i?^ n r = 0) = 

= ^'■"'{{J\K:)r^{R\TlJ^x] |i?inr^0) = 

x£dB{w,p)r\H 

t) ^ pi-(i?i(Ti^^) ^ X I i?i[o, Tlj n r = 0). 

x<^dB(w,p)nH 

v^^'' {{J\JC)c^{R^ c^v = %]) 
■ pi'"- n r = 1 i?i [0, Ti p] n r = 0) - 

- ^) Eif"''"'(^'(^^.p) = ^ I ^'[0' J n r = 0) = 



> 


[c{G) - 




c(G)- 


ED 




> 


(c(G) - 



A 

C(G) 
A ~ 

C{G) 
" A 



> 



(G) (76) 



where (*) comes from the definition of conditioned probability; and comes 
from the estimates <73> for J and 174> for /C, from the assumption J75> and from 
bounding the denominator by 1. Picking A sufficiently large and v sufficiently 
small we get that the result of the computation is positive and dependant on the 
isotropic structure constants of G only. 

Finally, notice that if JC did not occur, i.e. if R^\Tl ^^.y^, i^] doesn't return to 
the ball B{w, p) then 

cntiR'[Tl^pXAr]-^Tl^^^) nAc cutiR'[0X.4rhTl^,) 

so (76} gives us jTOj with an appropriate choice of q. Hence we need only justify 

(ZS- 

To see l ITSl we use Harnack's inequality (lemma for the family of domains 
(see figure|5) 



V, = B{0,2)\B{0,\z\) 

= (S(z, 2fi) \ B{z, i^O) n {v : (y, z) > |zp} 

definedfor z e 5(0, 2- ie) \ 5(0, 1). The function /(x) = P^(i?[0,T„,4r]nr ^ 0) is 
harmonic in x in the domain v + rVz, z = {w — v) jr, so we get for r > G(/i, G) that 
it is (up to constants depending on G, p) independent of a; e w + r£, . Note that for 

r > G(e, G), I |z| I < 2 - e - G(G)/r < 2 - ie and dB{w, p) n H d v + r£,. 
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We want to compare f{x) with f{v). We use (clause |(iii)| of) lemma E31 with 

■D = B{0, 2), S = B{0, i) and H = E,_. We get 

/(«) > P''(r(i> + r£,) < n,4r)Ef{R{T{v + r£,))) > 
^>'c{fi,G)Ef{R{T{v + r£,))) > 

> cin, G)f{x) Vx e dB{w, p)nH (77) 

where (*) comes from the strong Markov property, (**) comes from lemma E31 and 
(t) comes from Harnack's inequality. This finishes the lemma — choose S{e, G) ~ 
vc{p, G) and the assumption jS9j will imply j75j. □ 

4.3. Wiener's shell test. For the next lemma we need to introduce a few notations. 
Let V E G and r > 1 be some number and let 

Ai :=B(v,2r)\B(v,r) A2 := B(w,4r) \ B{v, ^r). (78) 

The notation B{v,r) relates here to closure in G, not in R""*. We shall denote 
dAi = dB{v, 2r) U dB{v, r) (the general definition of boundary in G might be a 
little smaller). Both conventions apply to any annulus in this section. 

If 7i , . . . , 7„ are discontinuous paths (usually we will consider 2 or 3) then we 
will consider LE(7i U • • • U 7„) as composed of n pieces, each one "coming from 
some 7i", and will denote them by LEi(7i U • • • U 7„). Formally, denote tQ = 1, 
tn = lcnLE(7i U • • • U 7„) and ti, i = 1, . . . , 71 — 1 to be the first t such that jt > 
len(7i) + • • • + len(7j;_i) {jt from the definition of LE, l|6}). Then 

,, ,, ^ ^LE(7lU•••U7„)[^^-l,^^-l] U>t,^i 
LE,;(7iU---U7„) := < . 

I (/) otherwise. 

Note that LE^ are simple and disjoint and that LE(7i U • • • U 7„) = LEi U • • • U LE„. 
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Lemma 4.5. Let Ghea three dimensional isotropic graph and let e > and ij > 0. Then 
there exists a 5 ~ (5(e, 77, G) such that the following holds: Let v £ G, r > C{e,T], G) and 
s <E [r, 2r — rjr]. Let A\ and A2 be as in f7^ . Let 7 c ^^e fl discontinuous path starting 
from dB{v, ^r) and let he a random walk starting from some point in dAi and stopped 
at dA2. Let 

L = LE(7Ui?^), Li =LEi(7Ui?^), L2 = LE2(7 U i?^). 
Let X he the event that the following three events hold: 

(i) Li C B{v,s); 

(ii) L2 t B{v,s + 7]r); 

(iii) p2'"(i?2[o, 7^2^ J n L' 7^ 0) < (5 zvhere L' ^ L[l,t] and t is the first time when 
L hits dB{v, s + rjr) i.e. t := min{i : L{i) ^ B{v, s + ijr)}. 

Then 

V{X) < e. 

In words, the probability that R^ extends 7 even by a little (rj) without being 
((5-)hittable, is small. To get a clearer geometric picture, think about 7 as the re- 
striction of a continuous path to A2, i.e. as a sequence of paths coming in and 
(except the last one) ending in dA2; and think about R^ as starting from the end of 
7- 

We remark that 7 may be empty, in which case [(1)] always holds, and in |(ii)| one 
may replace L2 with L. 

Proof. Let q = q{G) be from lemma Let K ~ K{e,G) > 2 be an integer such 
that 

{l-qf<e. 

Now fix the parameter e of lemma to be rj/2K and denote by A = A(e, G) the 
result. 



Lemma |4i4| 


e 


q 


s 


here 


r]/2K 


q 


A 



Define Si = s + rrii/{K + 2) for i = 1, . . . , K + I. Let jk be as in the definition of 
loop-erasure JSJ so that R^[jk + 1, T^{dA2)] is a random walk conditioned not to 
hit LE(7 U i?i [0, jk]). Define 

max{jfe < T\dA2) : LE(7 U R^[0,jk]) C B{v, s,)}. 

As in lemma let jk be admissible if there exists a path 6 c B{R^{jk), ISQgj) 
from i?i (jk) to dB{v, \v - R^ {jk)\ + 20^ which does not intersect LE(7 U R^ [0, jT\) 
and define 

T, ■■= mm{jk > t[ : jk admissable}. 
We note that if Li c B{v, s) and L2 'f- B{v, Si + then n is well defined. Indeed, 
let t > t[ {t[ is obviously well defined) be the first jk such that R^{t) ^ B{v, si + 
(M, and denote s* = \R^{t) — w| — Qfclso that s* > s^. We use lemma l3^ with the 
radius being SCj^and with H being the half space tangent to B{v,s*) and orthogo- 
nal to the segment [v, R^ (t)]. We get that there exists a path S' c B{R^ (t), 8(Q \ H 
from i?i(i) to some x £ dB{R^{t),8(J^ n {x : d{x,dcontH) > 4q^. If r is suffi- 
ciently large then this implies d{x, v) > s* + 3Cj^ Let 

go max{g : S'{q) e LE(7 U i?^ [0, t])} 
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and let to be the jk such that R^{to) ~ S'{qo). Clearly S'{qo) ^ B{v, Si) so to > t-. 
Further, 6 := 6'[qo, len S'] is a path from (to) to x not intersecting LE(7Ui?^ [0, to]). 
Since R^ito) G B{v, s* + and x ^ B{v, s* + 30^ and since B{R^(t), 8Cgj) c 
B{R^ (<o), 16tj5j) we see that all the admissibility requirements are satisfied. There- 
fore to is admissible and hence tq is well defined and < to- 

Fix some i and assume that is well defined and that < T^{dA2). Examine 
R^ after t^. The definition of considers only LE(i?[0, r^]) therefore it only affects 
R^ after by conditioning it to not intersect Ti := LE(7 U i?^ [0, r^]). Hence lemma 
Olapplies. We get 

¥{B,\n,R^[0,n]) <l-q (79) 

where is the event that 

(a) Ti is well defined, 

(b) p2'-(i?2[o,T2 4,]nr,^0)<A, 

(c) For some y S B{wi,p), p := rir/2K, 

f^-y{cnt{R'[n,TlA,]-,T:) n i?'[0,T2 J ^ 0) < g. (80) 

where T* min{i > : R^{t) e p)}. 

The notation in \79\ might deserve some explanation: we are conditioning here on 
the fact that t; is well defined (so |(a)| is satisfied automatically), on its value which 
gives some information on R beyond and on the entire path from to Ti (which 
gives Ti and Wi). 

It will be convenient to replace [(a)] with the stronger 

(a') Ti+iis well defined 
and then replace iSOl with a slightly stronger condition: 

p2.^(cut(i?ih,T,+i];I^*) n R^[0,Tl,,] ^ 0) < g. (81) 

This is possible since T* < Ti+i by our choice of p. Denote Bi with |(a)j and J80> 
replaced with (a') and HTJ by B'i and get f{B[ \ n, R^[Q, n]) < I - q. B'i depends 
only on r^+i and i?[0, Ti+i] and hence we can write 

n^'i I Bo, ... , B[_^) = &{B[ I n, . . . , r„ i?[0, T,]) = ¥F{B[ \ r„ i?[0, t,]) <l-q 

(the E signs above stand for conditional expectation with respect to B'i_i, . . . , B'o). 
Hence 

K-l 

P( fl 6,') <(l-g)^<6. 

The lemma will be finished when we show that for an appropriate choice of 5 
we have X C nS-. As explained above, conditions [(I)| and |(ii)| in the definition of 
X, show that all are well defined. Hence condition (a') in the definition of B'i is 
satisfied for all i. Setting 5 < \ will ensure condition |(b)| for all i, since C L' for 
all i. Finally, lemma E31 shows that for some ^{e, rj, G), 

P^iTiBiw^p)) < r„,4r) > ViVw, e dB{v,Si) 

which shows that setting 6 < qv ensures condition |(c)| (we used here <81t and 
cut(i?^ [-!■; + 1, n+i] ]T*) d L'). Hence X C nS- and the lemma is proved. □ 

Lemma 4.6. Let G he a three dimensional isotropic graph, and let K he some numher. 
Then there exists a 5 — 6{K, G) > such that the following holds. Let v <E G and let R^ 
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he a random walk starting from v. Let r > s> 1. Let B be the event that there exists some 
T>0 such that 

(i) LE(i?i) B{v,r) where R'^ := R'^[0,T]; and 
(ii) F^''"{R^[0,Tl^] n LE(i?i) n iB{v,r)\B{^) = 0) > (s/r)^- 
Then¥{B) < C{K,G){s/r)^ . 

It is not difficult to see that the probabihty that LE(i?^) C B{v, s) is w s/r (for 
T ^ which is the range that interests us). Therefore in fact LE(i?) has a rather 
big probability to be "unhittable" because it is small. The point about the lemma 
is that if it isn't small, this probability is negligible. 

Proof. We may assume w.l.o.g. that both r/s and s are sufficiently large (and the 
boimd may depend on A'). A Brownian motion starting from a point in dB{0, 1) 
has probability | to reach dB{0, 2) before dB{0, i). Hence by lemma 1^51 if p > 
C{G) then random walk starting from x E dB{v, p) has probability > to reach 
dB{v, 2p) before dB{v, ^p). Hence if we define pi ~ s2* and stopping times Tq = 0, 

rj = min{i > t!^_, : R\t) e for s.t. R'{t!^_,) ^ 

then the process i' ij) dominates a random walk on N with a drift to infinity. In 
particular, it follows that if we denote 

4=0 

then there exists a A = A(/v ) such that 

P(A^' > A/) < C2-2^^. (83) 

holds for any value of /, but we will define / := [logj r/.sj since we are inter- 
ested in what happens until r, and get P(A^' > A/) < C{s/r)^ . 

Next we take the / annuli between s and r and denote the even ones as "Ai-s", 

i.e. 

Ai,, := B{v, 2p2i) \ 'W^) M,^ B{v, 4p2.) \ B{v, \p2i) 
and define stopping times Tj "from one Ai to the next", i.e. n := t{ and 
Tj ~ min{< > Tj-i : R^{t) e 9Ai for some such that i?^(rj-i) ^ 9y4i ^q)}. 
It is clear that the tj are a subsequence of the rj hence if we define rii and N = 

^[Ifo"^''^^^ Tii analogously to i82t then the analog of <83t will also hold. Define 
now M := [6 A] and get that 

P(#{2 < i/ : 7Z, > M} > i/) < C(s/r)^. 

Next use lemma l431 with 

M ^ M2 

where p, = p{K) is some parameter which will be fixed later. Call the 5 of lemma 
W^v. Fix one J and some m G {0, . . . , AI — 1}. Denote Vj — Pi{j) ^rid Sj,™ — 
rj{\ + m/M). Define 7,j ;= LE(i?^[0, r,]) n A2.i and 7^ ;= "ft(j)j- Define Xj^m the 
events that the following conditions are all fulfilled: 

(i) Lij c B{v, Sj,^) where 

Lfcj := LEfc(7, U R^[tj,Tj+{\) /c = 1,2; 
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Table 1: Use of lemma |43I in lemma l4!6l 



(ii) L2.j <;t B{v, Sj,,n+i); 

(iii) p2'"(i?2[o,T2 4,,J n L;- ,„ ^ (b) < ly where L;. ,,„ = Lij U £2.j [l,<] and t 
is the first time when L2J hits dB{v, Sj,rn+i) i-e. t := min{i : L2j{i) ^ 

B{v, Sjjn+l)}- 

This completes all the parameters of lemma H31 (see tabled and we may use it to 

get P(-%'j- I -R[0, Tj]) < and hence 

rn 

Denote this event by Xj. The Xj-s are therefore dominated by a sequence of inde- 
pendent random variables with probability fi/AI. A simple (and standard) calcu- 
lation now shows that if /i is taken sufficiently small one has 

P(#{.?<A/:A',}>^) <C(G)(s/r)^. 

Fix fj, to satisfy this condition. Thus we may define G as the event that N < XI 
and Xj occurred less than jjl < times before XI. Our calculations show that 
^{~^G) < C{s/r)^ . The lemma will be finished once we show that with an appro- 
priate choice of 6 one has BCiG = 0. 

Assume therefore from now on that both B and Q occurred. There are [^/] 
different Ai^j-s, and under the assumption tj, in < i/ we have rii > M and in 
< ^/ of them we have that some Xj occurred when R{Tj) s dAi i. Hence we get 
that at least ^I are "good" in the sense that they are visited < M times and are 
"A'j-free". Fix i to be one such good index. We will now show that Au n LE(i?^) 
is "hittable", and we shall show that by induction. 

Sublemma 4.6.1. For any j define 



Mij := P2i{l + ni,j/M) and Uij := B{v,Ui^j) \ B{v,p2t). Let also 7*,, be '-fi,j[0,tij] 
where tij is the first time when (t) £ dB{v, Uij), or empty if^ij n dB{v, mj) = 0. 
Then for all j, either 7*^ =% or 

Note that ni < M (because i is a good index) and hence Uj j < 2p2i throughout 
the induction. 

Subproof. We use induction over j. If R^{tj) ^ dAi i, then R^[Tj,Tj+i] does not 
enter Ai^i and hence can only affect 7*^ n Ai_i by removing some components 
from its end. In this case it must remove the last component of 7*^ n Ai^i, which 
is the component intersecting dB{w, Uij), and all the components of 7i.j after 7*^ . 
Hence we get that jij+i n dB{w, Uij) — (here Uij — Uij+i) and the induction 
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holds in this case. Therefore we need only be interested in the case (tj) e dAi^i. 
We know Xj did not occur, and in particular Xj^m j did not occur. Hence one of 
the three constituents of A'j „. ^ must have failed. Let us review them in order. 

(i) If Li_j (fi B{v, Uij) (note that sj^mj = Uij) then 

• 7ij- n dB{v, Uij) ^ and by the induction hypothesis, j*j is hittable. 

• must have hit jij, if at all, after exiting B{v, Uij). Therefore, if 
llj+i then it contains 7*^ so jlj+i n C/jj+i is hittable and the 
induction holds. 

(ii) If Lij U L2J C B{v, Ujj+i) then jij+i n dB{v, Uij+i) = and the induc- 
tion holds. 

(iii) Finally, if |(i)|(ii)| of the definition of Xj happened then we must have 
P^'™ [0,T^_4^j n L^- „^ ^. 7^ 0) > and then the induction holds because 

Hence the sublemma is proved. □ 

Assume now that B happened and let T be the "bad" time. Let J be such that 
Tj < T < Tj+i . As in the sublemma, the part of the walk on [tj , T] can affect in an 
adverse way only the part of the walk inside ^1 Hence the sublemma shows 
that for any good i 7^ i{J), either LE(i?^) does not contain a crossing of Ai^i, or this 
crossing is hittable. However, if B happened then LE(i?^) crosses B{v, r) \ B{v, s) 
and hence all Ai^.-s so we get for all good i ^ i{J) that 

p^^'' (LE(i?i) n Ai,, n R^[o,Tl^pJ ^ 0) > i^. 

Harnack's inequality (lemma shows that 

P^^"' (LE(i?i) n Ai,, n R^[QXap2.] ^^)>cv Vw e B{v, \p2i). (84) 

Hence lei ii < 12 < ■ ■ ■ < in be good indices with ik+i — ik > 2, it ^ I, i[J)- We 
can take n := [//12J - 2. Then 

p2'" (r^[o, t2 J n LE(i?i) n (b{v, r) \ W^) = 0) < 

n-1 

< n P''"(^'Kap.., : Tl,^..J n LE(i?i) = I 
fc=l 

\R'[QXAp,.,Jr)LE{R^) = (l>) < 

n-1 

< n max p2>-(i?2[0,T2 ] ^ LE(i?i) = 0) < 

<l[il-ciy)< C(l - ciyy/'^ < C(s/r)('°s(i-^''»/i2i°g2. 
fc=i 

Therefore taking S = (log(l — ci^))/24 log 2 and r/s sufficiently large we get a con- 
tradiction, so ^7 n S = 0, and the lemma is proved. □ 

4.4. Hittable sets. The next step (lemmas 14.81 and |4.9> is to show that LE(i?) is 
"hittable" in a rather strong sense. 

Definition. Let A > and 1 < p < cr. We define H°"'(A, p, a) to be the family of 
paths /? satisfying that for every w, and every subpath 7 C /3 which is an outgoing 
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Table 2: Use of lemma 1461 in lemma 1481 



crossing of B{w, a) \ B{w, p) i.e. 7(0) e dB{w, p) and 7(lcn7) e dB{w, a) one has 

P'^(i?[o,r^,,]n7) = 0) < A. 

Define 7^°"'(A, fi) = np>i7i:°^'(A, p, ^ip). 

Similarly we define H"^ to be the set where this holds for 7 incoming, i.e. 7(0) e 
dB{w,a) and 7(len7) e dB{w,p). We define H ;= W""* n Tl!'". Note that these 
properties are hereditary: if /3 c 7 G Ti^^'/i" then /3 e 7^°^'/'". 

Lemma 4.7. Let Ghea Euclidean net and let v <E G and r > 1. Then 

P"(i?[0,t] C B{v,r)) < C(G')e-"('^)*/'''. 

Proof. This follows immediately by applying lemma IZH repeatedly. □ 

Lemma 4.8. Let G, e, v, r and V be as in theorem^and let K > 0. Then there exists a 
5 = 5{e, K, G) such that 

pi^^(3T < T\dV) : LE(i?i[0,T]) ^ re'^r-^r")) < C{e, K.Gy-'^ . 

Proof. Clearly we may assume r is sufficiently large (and the bound may depend 
on K and e). Since 'W\r-\p, cr) is increasing in a and decreasing in p, it is enough 
to show that for any fixed <y = \ pr'^ we have 

pi'"(3T< ri((9I?) : LE(i?i[0,T]) ^7^°"'(r-^p,cr)) < Cr-^-^. (85) 

Once I l85t is established, we can apply it for p = 1, 2, 4, ... , logr and bound the 
probability that <85> holds for one such p by the sum, which is < Cr^^^^ logr < 
Cr~^ and the lemma would be proved. 

Fix therefore one p and a = ^pr'^- Let it; G P be some point and let A = 
B{w,(j) \ B{w,p). Let X £ B{w,p) be some point, and let p' := max2|a; — iy|,po 
for some constant po(e, K, G) to be fixed later. Let A' :— B{x, ^a) \ B{x, p') so that 
A' <Z A for all r sufficiently large. Let t be some number. Use lemma l46l with the 
parameters and notations in table|21 We get for the event Bx that there exists some 
t such that 

(i) LE(i?i[0,i])^^S(a;,ia); 

(ii) P2-^ (i?2 [0, Tl^^^] n LE(i?i [0, t] ) n ^' = 0) > C(e, G)r-^' 

that ¥'^-'^{Bx) < C{e, K, G)r^^^^". If po is sufficiently large we can use Harnack's 
inequality to change rn |(ii)| the starting point of i?^ from x to w and pay only by 
increasing the constant. 

Returning to a random walk starting from v, we define an event £ = £{ti,t2,x) 

by 

(i) RHh)=x; 

(ii) LE(i?i[o,fi])ni?i[ii + i,i2] = 0; 

(iii) LE{R^[ti + l,t2]) <^ B{x,ay, 

(iv) p2'"'(i?2[o,T2 ^] nLE(i?i[ti + l,t2]) n A = 0) > c{e,K,G)r'^'. 
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and get P^'^dJt^Xi ^) < C:{e, K, G)r-^''-i". Summing we get for any U, 

V(^[j£{ti,t2,x)) <Cr-''-^U (86) 
(*) 



where the union is over all w e P, a; G B{w, p), ti < U and t2 > ti. Now, lemma 
|47|shows that 

P{T{dV) > fir^logr) < ¥{T^^r > f^r^logr) < c(G)e-'=(^)'^'°sr- < 
and for /i = tJ.{K, G) sufficiently large 

Therefore using U = fir^ log r in <86t gives 

P(|j£(ti,i2,x)) < Cr-^'-i 
(*) 

where here the imion is over all w,x and ti < t2 < T^{d'D). This finishes the 
lemma by taking 5 = eA/2 and r sufficiently large, since if LE(i?[0,T]) ^ 
occurred then one of the £ (t i , <2 , must have occurred. Namely, let 7 be a subpath 
of LE(i?[0, T]) satisfying the requirements from the definition of 7Y°"* and minimal 
(basically this means 7 c A) and assume 7 = LE(i?[0, r])[Z, to]. Then we may 
take ti := ji {j from the definition of LE, (6j), t2 := jm and x = R^{ti), and 
directly from the definitions, £{ti, t2, x) will be satisfied. Therefore <85> holds for 
any appropriate p and tr and the lemma is proved. □ 

The following lemma will be used only formally — in effect the previous lemma 
is enough. We include it here mainly for completeness. 

Lemma 4.9. Lemma W^ holds with H""' replaced by Ti'". 

Proof. Let x satisfy that 

P^R{T{dV U {x})) = x) > (87) 
The transience of G shows that (compare to | |61» that 

¥"{R{T{dVU{v,x})) = x) > c(G)r-^-^. 
Using the symmetry of random walk in the form ^ we get 

¥''{R{T{&D U {v, x})) =v)> c{G)r-^-^. (88) 

Next use lemma l4!8l with the parameters in table|3l(if x e dV then use the lemma 
with each neighbor x' of x in I? serving as the starting point instead of x). For any 
time or stopping time t, define an event 

Oit) = {LE(i?[0, t]) e H°"*(r-^ r^)}. (89) 
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With this notation, the conclusion of lemma 1481 is that 

¥''{3t < T{dV) : 0{t)) < C{K,G)r-^^-\ 
In particular, P^(0(r((9X' U < Cr-^^-\ Hence 

Now, loop-erased random walk conditioned on the end vertex is symmetric (see 
e.g. O lemma 2]) so, 

'¥''{I{T{x))\R{T{dV\J{v,x}))^x)^V''{0{T{v))\R{T{dV\J{v,x})) = v) 

where X is O for the reversed path, or, in other words, with 7i°"' replaced by Ti™ 
in l l89t . Now, since LE(i?[0, T{&D U {x})]) does not depend on how many times 
we returned to v, we get 

¥"{l{T{x)) I R{T{dV U {x})) ^x)= ¥'\l{T{x)) \ R{T{dV U {w, x})) = x) 

Lemma f 1 . 31 now shows that, if r„ = Tn{x) is the time of the n-th return to x before 
hitting dV then LE(i?[0, Ti]) - LE(i?[0, T„]) and therefore 

^''{I{Tn)\Tn<T{dV)) <Cr-^-* n = l,2,... (90) 

To finish the lemma we need only sum over n and x. The transience of G shows 
that 



"''(T„>A)<Ce- 



-c\ 



and therefore for A = C{G) log r with C sufficiently large we have that this proba- 
bility is < Cr~^~^ . Therefore we get 

A 

^{[j{Tn<T{dV)}CM{TrS) <Cr-^'-V^P(I(T„)|r„ <T(ai?)) 

n n—1 

< Cr-""-' + (Clog r)r-^-4 < Cr-^-3_ 
Denoting by X the x-s satisfying i87i we can sum over x and get 

f(^[J{t^{x) <T{dv)}ni{T,,)^ < 

< J2 ^iU^Tnix) < r(9i?)} nx(T„)) + ^ P(ri(x) < T{dv)) 



n,x 



-K-3 I V\ r<^-K-3 ^ n^-K 



< i#X) ■ Cr-"^-^ + #{V \ X) ■ Gr-"^-" < G 



r 



Which finishes the lemma, since the event [Jn.xi'^nix) < T{dV)}r\J{T„) is exactly 
the desired event. □ 



The combination of lemmas |4 . 81 and 1491 is that for an appropriate 6 ~ 5{e, K, G) 
we have 

f{3t < T{dV) : LE(i?[0, t]) e H{r-^,r')) < Gr'^ . (91) 



THE SCALING LIMIT OF LOOP-ERASED RANDOM WALK IN THREE DIMENSIONS 



65 



4.5. Proof of theorem 4 in three dimensions. The proof works in three different 
scales, which we will denote by p^a^r^r. p ^ r^^*^ is the scale of the 
"closeness" of the two ends of the quasi-loop. t is the scale of the diameter of 
the quasi-loop, so after all parameters are fixed we shall fix some S > and then 
define r := r^^^ . crisan auxiliary scale — rather than estimate for some point 
w e ^pZ^ that the probability that w £ QC{p, t, LE(iT![0, T{dV)])), we shall show 
it simultaneously for all points in B{w, a) 

Lemma 4.10. Let G be a three dimensional isotropic graph, and let e > and S > 
be given. Let l<p<<7<^T<^r and a > 2p{r'^ + 2). Let w be some vertex and 
let b c B{w,t) be some set. Let 7 e = H{r~^,r'^) be a path starting from some 
point in B{w, r) and ending on dB{w, r). Let Rbe a random walk starting from some 
X e dB{w, a) and stopped at dB{w, t) U b; and define 

A(7) #{V e ipZ' n B{w, a) : d{y, 7) < p, d{y, R) < p} ■ l{fln7=0} 

Then 

A(7)l{fl^nfc=0} < C{G)r-' log" r, (92) 
E-A(7)l{flnM0} < C{G)P^R n 6 ^ 0) log^ r. (93) 

Proof. Denote the first by Ai(7) and the second by A2(7). Define stopping times 

si < si < 32 < . .. < T{dB{w, t) U h) by 

si := niin{t : d{R{t), 7 n B{w, a + p)) < 2p}, 

and for i > 1 

s* := mm{t > : R{t) G dB{R{si),8p)} 

Si := mm{t > s*_i : d{R{t), 7 n B{w, a + p)) < 2p} 

(for clarity we removed the conditions Si,s* < T{dB{w, t) U b) — if i? hits dB{w, 
r) U & after any of them, consider the sequence stabilized at this point). Let / be the 
number of s/s defined before the process is stopped i.e. R{sj^i) G dB{w,T) U b. 
Lemma [2.91 gives for i < I that the probability to intersect 7 between s; and s* is 
> c{G) I log r. This gives 

F(/ > j) < fl - Vi. (94) 

V log r / 

Further, for the time period between Si and s/+i the definition of H. gives that 

P^({i?[s„ n 7 = 0} n {i?(5/+i) ^b}\i>i)< T-^. 

Here is where we use the condition a > 2p{r'^ + 2), since d{R{si),dB{w,T)) > 
T — (T — 3p>(T — 3p. Finally, it is clear that A(7) < CI. Therefore 

00 00 
E-Ai(7) = ^E-(Ai(7) • !{/=.}) < ' IP"({Ai(7) > 0} n {/ > t}) < 

00 

< c^iP^({i?(s/+i) ^ 6} n {i? n 7 = 0} n {/ > z}) < 

i=l 

<CYi(l~ ■ Cr~^ < CiG)r~^ log' r. (95) 
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As for E^A2(7), we first notice that if b is empty then there is nothing to prove. 
If b is not empty, then the estimate of Green's function (lemma 12. 3> shows that 
P(i? n 7^ 0) > C/r. Therefore we may use ^ to show that If A = A(G) is a 
sufficiently large constant then 

P(/ > A log^ r) < 

Hence we get 

E-A2(7) < E-A2(7)l{/>Aiog^.} +IE-"A2(7)l{/<Aiog^.} < 



3 



<C(^-j r-'i + CA(logr)'P^(i?n6 7^0) <CP^(i?nfe7^0)log^r. □ 

Returning to the proof of theorem |31 we shall from this point on assiime that 

2j,i-e/2 < (J < ri-2i5 fix some w £ V and some stopping time T and define 

X{T) ■.^X,,{T) :=#(Q/:(p,r,LE(i?[0,r]))nB(«;,cr)nipZ3) 

so X X{T{&D)) is what we need to estimate. Define exit and entry stopping 
times by To = and 

T2i+i = min{t > T2i : R{t) £ dB{w, 2cr) U dV} 

T2i = min{t > T2i-i : R{t) e dB{wAa) U dV}. 

Let / be the first i such that R{Ti) e dV. We note that lemmaESlshows that 

P(i?(T2,+i) e dV\R[0,T2,]) > P«(^-)(?^™.2a = ^)> c(G) 

and hence we get that the probability that / is large drops exponentially, and hence 
if A = A(G') is sufficiently large we get 

P(/ > Alogr) < 4-- (96) 
Denote M := [A log r\ . With this notation we can write 

EX<C(-] P(/>7\/) + ^E(A'-l{j=,}) < Cr-i +^E(A' • (97) 

1=1 t=i 
In other words, we can ignore the first summand in i97\ . Let us therefore define the 
number of quasi-loops up to the ith time Xi := X{Ti). The process of loop-erasing 
between T2i and T2i+i can only destroy quasi loops in B{w, a) so we get 

^ ■ l{/=2j+l} < -^21 ■ l{/=2i+l} < -^24 • l{/>2i}- 

With this in mind we define 

Ai := {X2i+2 — X2i) ■ l{/>2i+2}- 

Lemma 4.11. With the notations above and 

?/:==minJ(ie,4,G),l (98) 

ivhere S{-) is given by ^3 , 

EA, < Gir"'' log^ r. 

Proof. Examine some y, 

V G QC{p, T, LE(i?[0, r2,+2])) \ QC{p, r, LE(i?[0, T2,])). 
Directly from the definitions, we must have 
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(i) y is /9-near at least one component 7 of LE(i?[0, T2i\) n B{w, Aa). 

(ii) i?[r2i, T2i+i] gets p-near y and then fails to intersect at least one of the 
segments 7 from (i), as well as dV n B{w, 4cr). 

In other words, the number of such y's in ^pl,^ n B{w, a) with respect to a spe- 
cific 7, can be bounded by A (7), A from lemma 11 .101 with the parameters in the 
following table: 



Lemma 14. 101 


P 


a 


T 


e 


S 


b 


here 


P 


2cr 


4cr 




V 


dVr\B{wAa) 



Note that shows that with probability > 1 — Cr ^ we have j E H = ^{{r ^, 
W2)for all7CLE(i?[0,r2,+i]). 

With this in mind we denote by F, the collection of connected components 7 of 

LE(i?[0, T21+1]) n B{w, 4a) satisfying 7 n B{w, a + p)^% and get 

EA, • l{r.cw} < max V E"A(7) • l{Rnav=^ < C(#r,)r-'' logV 

EA, • l{r,^n} < C{<j/p)'P{r, (^n)< Cr'' ■ r-\ 
It easy to see that ^F; < i, and the lemma is finished. □ 

Summing lemma IIaTI up to i we get 

{rj being defined by J98» . Another summation, up to -A/, will give us 

EA" < Cr"'' log^ r + EA' (99) 

A' := {Xi - X1-2) ■ l{/even}- 

Thus we are left with the estimate of EA', which is the behavior near the boundary 
— if dT) n i?(w, 4(t) = then of course / is always odd and we get A' = 0. It is at 
this point that we utilize the difference between t and a. 

Lemma 4.12. Let uj = lo{i\'D) be the discrete harmonic measure from v i.e. uj{A) := 
P^'(i?(r(OX')) e A) for all A c dV. Then 

E"(A') < C-uj{B{w, 16ct)) log^ r. 

T 

Proof. Define stopping times Uq < Ui < ■ ■ ■ using Uq = and 

U2j+i ■■= min{f > U2j : R{t) E dB{w, 8a) U dV} 
U2j := mm{t > U2J-1 : i?(t) G dB{w, ir) U dV}. 

We assume here that c < which will hold if r is sufficiently large. Define J to 
be the first j such that R{Uj) € dV. Our first target is to connect J and u!{B{16, a)). 
Denote 

p{x) := P^(T(aP n B{w, 4cr)) < T^^r/2) x e dB{w, 8a). 
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We have 



w(B(w,16cr)) = ^P({J = .7}n G dVr\B{w,16a)}) > 

> P({ J = 2} n {R{U2) edvn b{w, 16ct)}) > 

> P(J > l)EP-"(^i)(r(9I?) < T^S6a) > 

> P( J > 1) min P^(T(ai? n B(w, 4cr)) < T^, ig^) > 

x£dB(w,8cr) 

> c(G)P( J > 1) minp(a;)- (100) 

where (*) comes from using lemma IZ8l to change from Tw,i6a to niin here 

and later on also max always refers to the minimum over dB{w, 8cr). 

The estimate of A' follows from the clause | |93> of lemma 14.101 which we now 
use with the parameters as follows: 



Lemma |410| 


P 


a 


r 


e 


s 


b 


here 


P 


8(7 








dVOBiwAcr) 



And an argumentation identical to that of the previous lemma gives that, 

E(A' I J > 2j - 1) < C(G) (#r; ) maxp(a;) log^ r 

where is the collection of connected components 7 of LE(i? [0, C/2J-1] )f^B{w, ^r) 
satisfying 7ni?(u',cr + p) 7^ 0. Again, it is easy to see that #r^- < j — 1 and in 
particular jf^T'^ = 0. Hence we get 

00 00 
E(A') = ^EA' • l{j=2jj < C(G)maxp(x)logV^(j - 1)P(J > 2j - 1) (101) 

The Green's function estimate lll2> also shows that 

P( J > 2j + 1 1 J > 2j) = EV'^'^^''HR{T{dB{w, 8a) U dV)) e B{w, 8cr)) < 

<Epfi(c^-)(r„ <oo) <G-. 

r 

Hence we have (for r sufficiently large), 

00 00 

^.7P(J > 2j + 1) < P(J > (g^)' < GP(J > 1)^ 

and with JIOOL lIlOU and Harnack's inequality (lemma 12. 2^ which shows that 
maxp(a;) < G(G) niinp(.T), we get 

E(A') < C-oj{B{w, 16cr)) log^ r. □ 

T 

Lemma l4T2l and l l99t give 

IE(A'u,) < Gr^" log^ r + G (^) 16ct)) log^ r. (102) 

For any point in z e B{v,r) O ^al? , let be the point closest to z in G. Clearly, if 
r is sufficiently large, the balls B{wz,(j) form a cover of P and furthermore 

^w(S(w^,16cr)) < Gw(ai?) = G. 
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Hence we can sum J102> over z and get 

E QL(p, T, LE(i?[0, T[&D)\)) <g{^-^ r"" log^ ^ + ^ (7) log' r. 

Now is the time to pick b. We take 8 = min jjTy, ie and define r = r^^'' and 
(J = r^"-^*. For r sufficiently large the condition a > 2r^~'^/^ would be fulfilled. 
We get 

E QL{r^-\r^-\ LE(i?[0, T{dV)])) < Cr'^^ log^ r + Cr'^'^ log^ r < Cr'^ 
and the theorem is proved. □ 

4.6. Proof of theorem 4 in two dimensions. 

Lemma 4.13. Let G be a two dimensional Euclidean net. Let v £ G, let r > C{G) and 
let J be a path from dB{v, r) to dB{v, 2r). Let w e B{v, r) and let Rhe a random walk 
starting from w and stopped on dB{v, 2r). Then 

P(i?n7 7^0) >c(G). 

Proof. It is easy to see, applying lemma 12.51 say three times, that there is a prob- 
ability > c(G) that R does a loop around the annulus B{v, |r) \ B{v,t). Two 
dimensional geometry shows that in this case the linear extensions of R and 7 in- 
tersect (the linear extension of a path in G is a path in which is composed of 
all points of 7 connected by linear segments). Since the length of edges in G is 
boimded, we get 

P(3t < n,2r : 7 n B{v, |r)) < G(G)) > c(G). 

However, the first such t is a stopping time, so we can consider the walk after it as 
a regular random walk, and of course it has a positive probability to hit 7. □ 

Lemma 4.14. Let G be a two dimensional Euclidean net. Let v <E G and let s > r > 1. 
Let ^ bea path from dB{v, r) to dB{v, s). Let Rbea random walk starting from v. Then 

P(i?n7 = 0) < G(G) (-j 

This follows immediately from the previous lemma and the Wiener shell test. 

The proof of theorem |4l now proceeds exactly as in the three dimensional case, 
with lemma B. 1 3l servine as a replacement for lemma lZ9l and lemma l4.14l serving as 
a replacement to lemmas |4 . 81 and IT!^ The only complication is lemma 11.121 which 
no longer holds as stated. It is necessary at this point to estimate P( J > 2i + 1 1 J > 
2i) by lemma l4.14l for the incoming walk, with the result that one gets only [a JtY 
in the formulation of the lemma. See sublemmas 18.2 & 18.3 for details. 

4.7. Continuity in the starting point. We will need one additional corollary of the 
techniques of this chapter: 

Lemma 4.15. Let G be an isotropic graph and let v^w <E £ d V <z G, V finite. Denote 

:==P^(LE(i?[0,T(a2?)]) C £), x^v,w. 

Then 
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Proof. Denote /i = |u — w\/d{v, d£). We may assume w.l.o.g that /.t is sufficiently 
small. Let H be the graph generated by taking V and identifying all the points 
of dV (this process is often called "wiring the boundary"). Let T be the uniform 
spanning tree on H. Then by Pemantle LP91J , the distribution of the path in T from 
X to dV is identical to the distribution of a loop-erased random walk on H starting 
from X and stopped on &D, which is identical to the distribution on the graph G. 
Hence the two branches and jJ'" of T from v and w to dV is a coupling of the 
two loop-erased walks. Denote by 7^ the portion of from x until the imique 
intersection of P"" and (3^; and by p the probability that 7^ U 7"" <z £. Then clearly. 

Now, by Wilson's algorithm IW961 , 7'" may be constructed by first constructing /?" 
and then taking a random walk starting from w, stopping it when it first hits 
(possibly at time 0) and performing loop-erasure on the result. Hence we need to 
show that 

P"'(r(/3^) > T{d£)) < C{G)^i''^^\ 

In three dimensions we use lemma ll^l Let K = i and let 5 be the (5 ( ^ , G) of lemma 
14.61 Let the r and s of lemma H^ be d£) and max \v — wj, 1 respectively — if /i 
is sufficiently small we would get r > s. We get that (except for probability Cji^^^ 
in the walk starting from v) 

p2'"'(i?2,»[o, y2 J n LE(i?i [0, T\dV)]) n B{w, r) \ B{w, s) = 0) < C/. 

Therefore P(7''' £) < Gfi^ + C^i^l'^. The same holds for P(7" ^ £) and the three 
dimensional case is finished. The two dimensional case follows similarly from 
lemma 01 □ 

Remark. The use of lemma l46l to estimate the probability that a loop-erased ran- 
dom walk and a random walk starting from close points will hit is somewhat an 
overkill. For example, in 1^ , if they start from the same point then the nice symme- 
try argument of fL991 can show that this probability is > 1 — Cr~^l^ . Presumably, 
an equivalent argument would work in our case as well. The arguments of LAB99J 
should also give a usable estimate. 

5. Isotropic interpolation 

The purpose of this chapter is to compare random walks on two or more graphs 
all of which are isotropic, with uniformly bounded structure constants. We shall 
call such a collection Q an isotropic family and denote by C{Q), c{Q) etc. constants 
which depend only on the maximum of the isotropic structure constants of all 
Geg. 

5.1. Hitting probabilities. In this section we will compare probabilities by prov- 
ing inequalities of the sort |p — (/I < e ma.xp, q. It will be convenient to denote this 
by 

p~q. 

When e = Cr^'^ for some constants C{Q) and c{Q) we will usually omit it, and just 
write p c:^ q {r will be clear from the context). Occasionally we will prove instead 
that |p — (/I < ep or \p — q\ < e minp, q. We will always assume e < 5/ and then they 
are all equivalent up to constants. 
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We will often use the following version of differentiation of product: assume 

1"2 1^2 

Then 

\p^q^ — p^q^l < ^ p^lq^ + p^\q^ — q^l < aq^ max p^,p^ + [ip^ max 5^, q^ 

< aq^{l + 2a)p^ + iip^{l + 2[i)q^ < 

< {a + f3 + 2{a^ + P^))maxpWp^q^ < (103) 
<2{a + l3)maxp^q^,p'^q'^ (104) 

Another useful fact: if ~J2n In then 

71 n n 

<2/3maxp\p^ (105) 

Lemma 5.1. Let G he an isotropic graph and let ri > s > r2 > 1. Let v e G, v^,v^ e 
dB{v, s) and let w e A := dB{v, n) U dB{v, r2). Let 

=P''"(i?(T(A)) = w). 

Then 

\p^ — p^l < C(G) max — , — ) maxpi,p2- (106) 
\ n s J 

/ \c(G) 

Similarly if A := dB{v, ri) U {v} then \pi — P2\ < G (max ^, i j maxpi,p2- 

1-1171/2 

Proof. Assume first that r2 > l^l where (21(6) is from lemma 1331 and assume 

also that ri = 2^s = 2"^^ r2 for some integer N (removing both assumptions is 

easy, and we do it in the end of the lemma). Assume also that w e dB{v, 7-2). 

Define 

a,:-s2-J J =0,1,..., TV. 
Xj ■~dB{v,aj)UdB{v,ri) 

Define stopping times To ~ and 

Tj := min{t > T,_i : R{t) E Xj}. 
Define probability measures yu* on dB{v, aj) by 

fi){x) = P^' (i?(T,) = X I R{Tj) e dB{v, aj)). 

We proceed by examining how /i* evolves with j. It will be useful to use 
estimates during intermediate stages, so define 

x^dB{v.aj) 

Clearly eo = 2. For x G dB{v, aj) and y G dB{v, a^+i) we define 

^(x,2/) =P-(i?(T(X,+i)) =2/|i?(T(X,+i)) e 95(0, a,+i)) 
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and then get 
Define now 

Clearly, 

5]i?±(y)= \t^]{^)~t^%x)\YA^,y)^ E H{^)-t^]{x)\^\e,. (107) 

Next, Harnack's inequality (lemma lT^ shows that 7r(.T, y) k, tt{x' , y) for any x,x' E 
dB{0, Gj) SO D^{y) « (y) (7r(x, y) is a quotient of two harmonic functions and 
we use Harnack's inequality for both). This gives that 

\D+{y) - D~{y)\ < (1 - c{G))iD+{y) + D-{y)) 

and hence 

Therefore we get e^v-i < 2(1 — c)^^^ = C{s/riY. This establishes the estimate. 
We now use the last step (from — 1 to N) to move to a uniform estimate. Return 
to our w E dB{v, 7-2). We have 

/x5v(w) = ^i%_i{x)Tr{x,w) > niin7r(x,w) 

^ ^ X 

x€dB{v,aN-i) 

and on the other hand 

x€dB{v,aM-i) 

< C(s/ri)^ niax7r(x, w) 

X 

and by Harnack's inequality Clemma lT^ , 

- ^il{w)\ < Cis/nY max/^]vH, Aiw). (108) 
The difference between n'j^iw) and is just that /^]y(z«) is conditioned, i.e. 

f = ti]^{w)¥"' {R{Tn) E dB{v,r2)). 

To estimate the second term we use lemma 13.51 The probability 5* that Brownian 
motion starting from hits dB{v, before dB{v, ri) is 

.' = 44^ ait) J''-' (109) 

and in either case we get — g^l < C(G)s~^ ma.xq^,q^. Therefore lemma l3.5l (take 
e.g. the e of lemma l33l to be i) gives that 

w'iRiTN) E 95(0,7-2)) ~ P'^'iRiTN) E dB{0,r2)). (110) 
Together with lll08> the lemma is proved in this case. 
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The case that w e dB{v,ri) is identical, with this time defining Uj — s2^ and 
Xj = dB{v, aj) U dB{v, r2). The argument about the exponential decrease of the 
ej works identically. Finally, IT09l shows that ¥''\R(Tn) S dB{v,ri)) > c and 
therefore l lllOt implies an identical estimate for P^'(R(Tm) <e dB{v,ri)). Hence 
this case is finished too. 

Finally, assume one of the assumptions on ri, s and r2 fails. If ri/s or s/r2 < 2 
the lemma holds trivially for sufficiently large constants. Hence assume that both 
are > 2. It now follows easily that one can find Ui such that ri > Ui > s > U2 > r2, 

l-i|Tl/2 

U2>Ui Isl , and further, 

s I s r2^ 
— < max — , — 



HI ^ ^ ^ 2^ and U2 > u] 



ui \ ri s 

We use the case already established and find that for any x G dB{v, ui) U dB{v, U2) 
one has ^ 

\p^{x) ~p^{x)\ < C(G) (^-^^ maxp\x),p'^{x) 

where we define pHx) P^' {R{T{dB{v, ui) U dB{v, U2))) = x). Define 
tt{x) ^¥'''{R{T{dB{v,ri)U dB{v,r2))) ^ w) 

and get 

p' = '^p'{x)Tr{x). 

X 

Therefore 

\p'~P^\<Y.\p\x)-p^{x)\it{x)<C{G) Y.^p'^x)+p\x))it{x) = 

The case of a single point is proved identically. □ 

Lemma 5.2. Let G, ri, s, v, v^,v^ be as in lemma WT\ and let w e dB{v, ri). Let p^ ~ 
r\R{T^^r^) =w). Then 

c(G) 



maxp"'^,p^. 



\P'^P'\<G{G) {£j 

The proof is a simplified version of the proof of lemma BTl and we shall omit it. 

Corollary. The conclusion of lemma \5.2\ holds ifv^,v-^ G B{0, s) (and not on its bound- 
ary). 

Proof. Applv lemma 15. 2I after the stopping time on dB(0. s). □ 

Lemma 5.3. Let Q = [G^.G"^) be an isotropic family, let w G M'* and assume that for 
some r > C{Q) one has 



G^ n {B{v, 4r) \ B{v, r)) = n {B{v, 4r) \ B{v, r)). 



Let w G B{v, I?') \ B{v, |r) and x G B{v, 3r) \ B{v, r) and let i?* be random walks on 
starting from x (which is contained in both G*) and stopped on dB{v, 4r). Let 

p' ^¥{w^R'[l,Tl,^]). 
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Then - < C{g)r-'^^^ nim{p\p^}. 



Here G D {B{v,4r) \ B{v,r)) is the subgraph of G containing all vertices of 



{B{v, 4r) \ B{v, r)) and all edges between them; and the = sign refers to equality 
of graphs. 

Notice that in the definition of p' we consider that w was hit only starting from 
the first step. Hence the lemma gives a non- trivial estimate even \t x — w (a case 
that is actually important). 

Proof. Let X = dB{v,Ar) U {w}. Let s = /^W^^^ where (^Q) = min(|||(Gi), 
(gjJG2) and (j5|(G) is from lemma l33l Define stopping times as follows: Tq = and 

:= min{< > : R'{t) G dB{w, s) U X} 
n„ := min{< > T^,,_, : R\t) G dB{w, ^r) U X}. 

Letp^ = P(i?'(r^) ^ X). The core of the lemma is showing that 

\pI,-pI\ < Knr-'' maxp^ (m) 

for any n such that Kn?r^^ < j. Here K — K{Q) and k = k{Q) are some sufficient 
constants (by which we mean that K is sufficiently large and fc > sufficiently 
small) which will be fixed later. 

The proof of llllH will be done by induction over n. For n = 1, <111> follows 
from lemma 031 with £ = i, if only r, K and k are sufficient. Next, if n > 1, define 

M^„(y) := nR\TL) = y \ ^ X) ye dB{w, \r) U {w} 



and then lemma ISJl gives that the portion of the walk between T2n-i and T2„, 
which is the same since G^ ni3(u, jr) = G'^nB{v, ^r), erases most of the difference 
between the /i*-s and we have 

ML(y) ^ f^Liy)- (112) 

Denote a* = J2y=£w A*2n(2/) so ~ a^. Now, = l'2?i-i"' so we can use I ll03> , 
note that Cr^'' < i for r sufficiently large and K{2n - l)r~'' < j^^-jr < ^ < ^' 
and we get 

\P2n-P2n\ < 

^< (/i (2n - l)r-'^ + Cr-^ + 2 ((if (2n - l)r'''^f + {Cr^^f)) maxpL,pL 

< (A' (2n - i) r-'' + Gr"^) maxp^^pL < A'(2n)r-^ maxp^^pL (113) 

where (*) holds if only K and k are sufficient. Hence the induction holds when 
moving from 2n — 1 to 2n. 

For the case of moving from 2n to 2n + 1, define, for any y G dB{w, jr), 

Ti\y) = py{R'{T'{dB{w, s) U X)) G s)). 

Then 

P2n+1 =P2nX1^2n(y)7^'(y)- 
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As in the previous part, we define a* := J2 f^2niy)'^^{y)- Lemma l33l shows that 
TT^{y) ~ T^^iu)- Together with <112^ we get, 

iTui _ Eni 

\a^-a^\ < }_^Cr max i^l^{y)TT\y), fil^{y)7T{y) < Cr '=maxa\a2 
y 

for r sufficiently large. Thus we can repeat the calculations of llll3t and get again 
that is preserved if only K and k are sufficient. Hence the proof of llUi is 
completed and we may fix the values of K and k. 

Next we need to ask how many n-s are actually relevant. Lemma f2.5l shows that 

Pk+i < (1 - c(g))p^„ Vn > 1. 

Hence the decrease exponentially. On the other hand, the Green's function esti- 
mates Jllll2t shows that 



> c{g) 



r^-'^ d>3 
1/logr d = 2' 

Define therefore = C{g) log r for some C sufficiently large and get 



N+l 

We can now calculate 

oo 

f^P{R\Tl)^w) + Y,pl^_,^i^,,{w). 

n=l 

The first summand is non-zero only if x G B{w,s) and in this case it is independent 
of i. Hence we may write, 

IToH _ _ 

ri=l 



11051 

< {AKNr-'' + Cr-'' + 2r-'^)maxp\p^ 

if only r is sufficiently large such that we get KN'^r^^ < j. This finishes the 
lemma. □ 

Remark. In three dimensions this lemma may be simplified significantly, since the 
probability to hit w after T2 is significantly smaller than between and T2, so there 
is no need for the induction. 

Lemma 5.4. Let Q,r,v,w and W he as in lemma lOl ( perhaps with a different constant 
bounding r from belozv). Let x € dB{v, 4r) and let 

Then p^ ~ p^. 

Proof. The symmetry of random walk in the form JJJ shows that 



(114) 
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where the constant v is the ratio of the degrees of w and x and is independent of 
i. Denote the denominator by 1 — a*. Lemma [5.3l shows that ~ a^. The Green's 
function estimates Jllll2t show that 1 — a' > c/ log r and therefore 

1 1 



; Cr " log r max , ^ (115) 

1 — 1 — 

and we can drop the log factor from illSt and pay in the constants only 
Next denote the nominator of J114> by h\ For any y e dB{v, 3r) denote 

7r(y) ■.= ¥'={R\T\dB{vAr)yJdB{v,ir)))^y) p\y) P^(«; G [1, T^V]) 

(tt does not depend on i because and are identical on the relevant annulus). 
Hence we get = '}lyT^{y)p^{.y)- Lemma |531 shows that p^{y) — p^{y) and there- 
fore by JlOSt we get ~ b^. Together with J115> the lemma is proved (again we 
use here IToH ). □ 

Corollary. Let Q, r, v and x he as in lemma WM and let v^^v"^ G dB{v, 2r). Let 

p^:=.r\R\Tl,^) = x). 



Then 



1 2| \ "=(5) 



Proof. If |t;^ — w^l < ir then we can use lemma WJ2\ to shows that the walk up to 
B{v^, jr) erases the difference between v'^ and w^, and then use lemma lH^ to show 
that the fact that the graphs are different has a small effect. If — > ir then 
for a G sufficiently large, there is nothing to prove. □ 



Lemma 5.5. Lemma ^^ holds also when w <E B{v, 



Here w is some point in R'^ and the notation P'^ refers to a random walk starting 
from the point of the relevant graph closest to w. 

Proof. Let {Aj} be a triangulation of B{v, 2r) by spherical triangles such that 

I Aj I > cr^lT' diam A, < Cr'^lf 

where (jg|is from lemma l3^ and | • | is the normalized volume. Let A* be disjoint 
discrete versions of the Aj covering dB{v, 2r). Let be the point of G" closest 
to w, letp) := P'"'(i?*(T^,,2r) e A*) and P"'' (VF(5i,,2r) e Aj) the Brownian 

motion analogs. Now, has a formula given from the surface integral over the 
Poisson kernel IB95I II theorem 1.17]: 

9 II 1 1 2 

q] = r'^-^ / LiL dx. 

JAj \\x — W'^W 

which immediately shows, since \\w^ — w^W < G{G) that ~ gj. Lemma 
shows that 

\qj -P]\< Cr"l6l< Cr'Wl^\A, \ < Gr'W(\} 

So also p) —p]. 
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Next, let yi, ^ Denote 7r*(?;) = ¥y{W{Tl^,.) = x). Because diam A* < 
Cr^~'^ we can use the corollary after lemma ISTH to get tt^{x^) ~ n'^{x^). This fin- 
ishes the lemma, since the probabilities to hit a given A* are Cr^'^ similar, and the 
point in which you hit is unimportant up to Cr^*^' error. □ 

5.2. Definition. Let and be two d-dimensional isotropic graphs, and let 
a > 0. We say that G^ and G^ have an a-isotropic interpolation if the following 
holds. Let L and M, AI > 1 integer, satisfy 

L > C{G') M < L". (116) 

We assume C(G*) > 2 always. Let ^ e {1, 2}^^'' be any configuration. Then there 
exist graphs G{L, M, ^) such that: 

(i) If all the coordinates of ^ are i then G{L, M, ^) = G\ 

(ii) If / := [fli, 6i] X • • • X [ad, bd] C {0, . . . , M — 1}'' is some box in the config- 
uration space , and if = ^2!/ then G(i, M, ^1) is equal to G'(L, M, ^2) 
on a corresponding box in M"* i.e. 

G(L,A/,ei)n,/ = G(L,A/,6)n J, 
J := [L(ai + i), + §)] x • • • x [L{ad + \),L{hd + §)]. (117) 

(iii) G(L, A/, ^) is isotropic with the isotropic structure constants bounded in- 
dependently of L, AI and ^. 

Notice that this definition gives special importance to the point zero. This is just 
for convenience — in practice, this fact will have no significance. 
The core of this paper is the proof of the following theorem. 

Theorem 5. Let G^ and G^ be two d-dimensional graphs with an a-isotropic interpola- 
tion, d = 2,3. Let V c [j, j]'^ be an open polyhedron and let E be some open set. Let 
a £ £ (IV be some point. Let s > Obe some number, and let R- be random walks on G* 
starting from sa and stopped when hitting d{s'D). Then 

P(LE(i?0 C s{£ + B(0, Cs-"))) > P(LE(i?3-») c s£) - Gs'". 

Remember that "a random walk starting from sa" , means that it starts from the 
point of G' closest to sa; that £ + -6(0, Gs^^) refers to the set of points within dis- 
tance Gs^"^ from £; and that an "open polyhedron" is any open set whose bound- 
ary is made of non-degenerate linear polyhedra of dimension d — 1, and that we 
do not require that the boundary of the polyhedron be connected, but we do not 
allow slits. 

A comment is due on the use of constants here. They all depend on a, T) and on 
the graphs G^ and G^ (in fact they don't really depend on a but we will have no 
use for this fact). Like in previous chapters, they depend only on a and the global 
bound for the isotropic structure constants over all of G(L, Af , ^) and not on other 
properties of G*. However, there is no need to continue to point this fact out — we 
only did so in previous chapters in order to be able to analyze walks on G(L, Af, ^) 
simultaneously, and we will not have families of isotropic interpolations in the 
future. 

5.3. Proof of theorem 5. The argumentation in this section is very similar to that 
of |K| section 4], so we will be brief. 
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Lemma 5.6. Let G\a,sbe as in theorem^ Assume s < LM with L and M satisfying 
ill6t and L sufficiently large (in addition to the restriction of ill6i ). Let he two 
configurations which differ only in one point z, so in particular H := G{L,M,£_'^) n 
ii^L, s — ^L]^ \ B{Lz, 16L)) does not depend on i. Let B d H be any subset such that 
a is in a finite component ofG{L, M, \ B (think about B as the boundary of some V, 
a G V). Let be random walks on G{L, M, starting from sa. Let b <E B and define 

p' = p(ff(r(6)) = 6). 

Then - p^\ < C{g)L-<^^ maxp^p^. 

Proof sketch. Define stopping times T- on dB{Lz, 3L) and dB{Lz, 12L) alterna- 
tively. The graphs G{L, M,£,^) are identical outside B{Lz,3L) hence lemma l53l 
shows that the transition probabilities, up to CL~'^ do not depend on i. Further, 
the probability to reach T* without hitting B drops like e~^^ in three dimensions 
and like e^"^^/ in two dimensions. Harnack's inequality on B{Lz, 16L) shows 
that the probabilities to hit b after Tj conditioned on not hitting it before are, up to 
a constant, independent of 7. Hence these CL^'^ errors do not accumulate to more 
than CL^'^ log M < CL^''\ See IKj lemma 16] for a detailed argument. □ 

Lemma 5.7. Let G^ ,a, s, L, M, z, B and b be as in lemma W^ Let W be random walks 
on G{L, M, starting from sa and conditioned to hit B in b. Let be the segment of 
LE(i?') until first hitting dB{Lz, 16i) or all ofLI]{W) ffLE(i?0 n dB{Lz, 16L) = 0. 
Then 

\nc' = 7) - = 7)1 < cig)L-<^K 

ivhere the sum is over all simple paths ^from sa to dB{Lz, 16L) U d{s'D). 

Proof sketch. The crucial point here is that depends only on what happens out- 
side B{Lz, 16L) (quite unlike the other portion of LE(_R*)). Therefore the same 
argument as in the previous lemma works here. Conditioning on all the entry 
exit points from dB{Lz, 3L) and dB{Lz, 12L) the probabilities are identical, and 
in average in 7 it is enough to consider log^ L such points. See |KI lemma 17] for a 
detailed argument. □ 

The proof of theorem [S] is also detailed in fK\ where it is called the "main 
lemma". Since this is a crucial part of the argument, I prefer to bring it here in 
full. 

Since the theorem is symmetric in i, fix it to be 1. Let e > be some constant 
(depending on Q) which will be fixed later. We define L by 

34L = .s^-*^ (118) 

and AI = [s/L] . We assume L and M satisfy the requirements llll6> of the isotropic 
interpolations, which will hold if e < min ^ and L is large enough. We will also 
assume L is sufficiently large such that lemmas |5 . 61 and 15^ hold , and also that all 
edges of all graphs G{L, M, f ) are shorter than L and every ball of radius L in M'* 
contains at least one point from every G{L, M, Q. All these requirements translate 
tos > G{e,g). 

Let 6 = S{e,Q) be the quantity given by theorem |4| (page I45t for the e from 
<118t , for all the graphs G{L,M,^) simultaneously. In other words, we have, if 

s>C{e,g), 

E"" QL(34i,si-^LE(i?[0,T(ai?)])) < C(g)s"* 
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which holds for R a random walk on any G{L, M, ^). With this 6, define "bad" 
subsets of {x e {0, . . . ,M - lY : x/M G V} as follows: 







: d{Lx, Sconts^) < s^-^ + 18L} 


(119) 




= {x 


d{Lx, ^contsl?) < IIL} . 


(120) 


e 


= {x 


d{Lx, sa) < 17L} 





It should be noticed that any x ^ satisfies d{Lx, (?G(L.j\f,c)(sI')) > and any 
a; ^ $ satisfies d{Lx, 9g(l,a/.5) (s^)) > + ^7L, both for any configuration 

Lemma 5.8. With the definitions above, let Y a {0, ... , M - 1}'^ \ ($ U U 9). Let 
and be two configurations such that = i but ^^|yc = ^^jyc. Let be random 
walks on G{L, M, ^*) starting from sa and stopped on dV. Let 

p' P(LE(i?'') C s£). 

Then 

|pi _ < cig)s-^ log #y + cig)L-<^^Y. 

Proof. For every < fc < f/=Y, let Dk be a random subset of Y of size k, let be the 
configuration which is 2 on Dk, 1 on y \ Dk and identical to outside Y. Define 
Hk := G{L, M, ^k)- Let be the point of Hk closest to sa. Let Sk be a random 
walk on Hk starting from aj. and stopped on Bk := dn^.s!). Let 

Pk := P(LE(5fe) C .sf ) 

where P here is over both the walk and the randomness of the graph (notice that 
= po and p^ = p^y)- The lemma will be proved once we show that 

b.-....|<as-(^ + p;^)+CL-^ (121) 

For this purpose, couple Dk and Dk+i such that Dk C Dk+i- Let A/j C A^+i 
be subsets of Y of sizes k and fc + 1 and let z = A^+i \ A/j. For most of the 
rest of the lemma, we condition on the event (denote it by X) that Dk ~ A^ and 
Dk+i = Afc+i. Let Z = B{Lz, 16L). We construct LE(S'fe) as follows: 

• let bk be a random point on Bk chosen with the hitting probabilities of Sk- 

• Let Sk be a random walk from ak to Bk conditioned to hit bk- 

• Let 7fe be a random simple path from ak to dZ U {bk}, which has the same 
distribution as the segment of LE(S'fc) until dZ (including the first point 
in dZ), or all of LE(S'fc) if LE(5'a;) n 9Z = (notice that ak ^ Z from the 
requirement F n = 0). 

• Let Ck be the point where 7fc hits dZ if it does. 

• Let Tfc be a random walk on Hk starting from bk and conditioned to hit 
Bfe U 7fc in Ck, or if ^k never hits dZ. 

• Let7fc =7feULE(rfc). 

An easy application of lemma im (symmetry of conditioned loop-erased random 
walk) shows that 7^ ~ LE(5'a;). Lemma [5.6l shows that, 

Y.\^l-<lUi\<CL-^ {111) 

b 

qlib) -.^Vibk^blX). 
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Next we use lemma l5^ for the random walk on Hk starting from ak, stopped on 
Bk, and conditioned to hit bk- The definition of '5 l ll20t ensures the condition 
Bk O Z = (d required by lemma This shows that 



E 



ql+A<CL-'-- ybeBk 



(123) 



ql{b,j) := P(7, 7 I A-, 6,-5). 

Thirdly, we again use lemma ISTI this time for a random walk starting from bk, 
stopped on Bk U jk and conditioned to hit Ck to show that, when 7^ is the portion 
of LE(Tfc)uptoZ, 

ql+,\<CL-^ V6,7 (124) 
b, Ik 



\4 



qtib^j) ■.= Pij'k(l.s£\X, bk 



7). 



Summing <122^ . <123> and l|124> gives 

|P((7fe U 7D Cs£\X)^ P((7fc+i U 7^+1) C s£ \ X)\ 



E IkiM ' Qk+ill+iQk+i 

fc,7Cs£ 



< 



< CL- 



< CL- 



E ilklk - <lk+i<lk+i)<lk 



< 



< 



(125) 

In other words, we have proved that the probabilities (for k and k + 1) that both 
segments of LE(Sk), leading up to Z and from Z to Bk to be in s£ are close. Thus 
the only case we have not covered is that 7, U 7^ C s£ but LE(S'fe) ^ s£. But Lz 
is far from ds£ (because F n $ = and the definition of $ <119» so we get a quasi 
loop near Lz, namely 

Lz e QC{l7L,s^~^,LF.{Sk)). 

Denote therefore 

qUx) := ¥{Lx e QC{17L,s^~\LE{Sk))\X) 
and then write <125> as 

|P(LE(5fe) (l.s£\X)- V{LE{Sk+i) (ls£\X)\< CL'^ + qt{z) + qt+iiz). 

We now integrate over X. We get 

\pk-Pk+i\<CL-- + EqUz)+ Eqt+, (z) . (126) 

The estimate of il26t is where the random choice of the sets Dk plays its part. 
Theorem|4]gives us that 

qt{x) < qi{x) < CEqL{ML,s^~\LE{R[Q,T{dV)])) < Cs-^. 

xeY\Dk xeY 

Now, if we think about the coupling of Dk and Dk+i as "Dk^i is the addition of a 
random z to Dk" , then z is is obviously independent of the walk on G{r, M, £^k) so 
we have 



Eqk{z) < 



Cs- 



Cs- 



#iY\Dk) W-k- 
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For qk+i{z} we similarly think about Dk as the removal of a random z from Dk+i 
and get 

Eqk+iiz) < 



e 



fc+ 1 

and the lemma is proved. □ 

Continuing the proof of the theorem, we first apply lemma 15^ to the configura- 
tions = 1 and 

'l $ U u e 
2 otherwise 
Denoting by 

P'^:-IPG(L,M,e.)(LE(i?)Cs£) 
(R here is i?[0, T{dV)] and will stay so for a while). We get 

-p^\<Cs-^\ogs + CL-''M'^. (127) 
Next, we wish to remove $. For this purpose we define 

■■= IPG(L,M.«^)(LE(i?)Csf2) 

£2 ■■= £ + B{0,2s-^ + 37L/s) 
and get > p^. The definition of £2 gives us that 

d(Lx, (9contsf2) > s^-^ + 18L Vx e $. 
so we can use lemma lS^ with 

1 2 otherwise 

and the domain £2 to get 

- P^l < Cs-^ logs + CL-^M'^. (128) 

where p4 = Pg'(^_^,_^3)(LE(i?) C s^s). 

The third step is to get rid of 8. For this purpose we define 

£3 ■.^£2 + B{Q,s-'/^) 
andp^ = Pq°^ j,^^3)(LE(i?) c s^a) so thatp^ > p"*. Find some point 6 G £3 with 
|a — 6| = 35L/s (which can always be done if s is sufficiently large) and use lemma 
l4T5lto find that 



l'''-''°l^^l ,..(..ft!.fenD) l ^ 



S C { ^ a m Y = C(6.«,I>,S).-'"-'''''l (129) 

\mins^ ^/^, sd(a, Ocont 2?) / 
where p*" = P^^^^ J^J ^3) (LE(i?) c s^a). We can now apply lemma EHl with 



1 * 

2 otherwise, 
the domain £3 and the point b to get 

<Cs-* + CL-^ (130) 
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where p' = P^^^ (LE(i?) C sE^). We apply lemma llTSi again to return to a: 
we get \p' ~p^\ < Cs-'' where / = Pg'^^ j^^^^4)(LE(i?) c sS^). 

Finally, we need to get rid of 5'. Let 2?2 be a shrinking of T) by 21L/s i.e. 

V2 := {x : B{x,21L/s) C V} 

so we have M n sX'2 = 0- Let ^2 be the value given by theoremUlfor e/2, e from 
| |118> , for all the graphs G{L, Af , £_) simultaneously, and define 

£4 ■.^£3 + B{Q,s~^' +3-'/"^). 



Let 



Lemma 5.9. 



/ = pg'(i,M,44)(LE(i?[o,r(ai?2)]) c s£4) 



> - Cs~" (131) 
ivhere C and c may depend on V and e in addition to Q. 

Proof. has a finite number of connected components, {Qi} which are all 

polyhedra. For each Qi we may use lemma 12. 131 to get that, for every 1 < ri < 
r2 < s, every ^ and every v € G(L, M, ^), d{v, sQi) < ri, 

P(T,,,, < T(sQ,)) < C{g,Q^) f -i j . (132) 

Let K = maxi C(t/, Qi) and fc = miiii c{Q, Qi). 

Now and measure walks on the same graph stopped at dsV and 9sP2 re- 
spectively. Therefore we may couple these walks so that the first is a continuation 
of the second. In other words, define ti > t2 be the stopping times of R on dsV 
and 9sl?2 (define t2 = if a ^ SP2) then the question reduces to an estimate of 

P ({LE(i?[0, t2]) t s^i} n {LE(i?[0, ti]) C sfs}) • (133) 

Now, the definition of I?2 gives that the distance of Rit-i) from the closest con- 
nected component of \ (sV) is < 21L. From the definition of K and k we get 

PiR[h, h] exits BiRih), isi-'/2)) < K = C{V, g)s-'<^'^l (134) 

On the other hand, if R[t2,ti] c B{R{t2), ^s^'"^^) and in addition the event of 
ins holds then we can conclude that R{t2) G QC{^s^~'^^,s^~^^,LE{S3[Q,t2])) 
which means that 

QL(si-^/2^5i-^%LE(53[0,i2])) > 1. 
By theorem m and Markov's inequality, the probability for that is < Cs^^^. This 
ends the lemma. □ 



The definition of isotropic interpolation shows G{L, A/, ^^) n I?2 = D I?2- 
Therefore we may define i? to be a random walk on G^ starting from sa and get 
that p9 = P(LE(i?[0, T{dsV2)]) C 384). We only need to return from V2 to V so 
write 

:= V{LE{R[0,T{d3V)]) C sfg) 

where 

£5 ■.^£i + B{0,3-'/^). 



THE SCALING LIMIT OF LOOP-ERASED RANDOM WALK IN THREE DIMENSIONS 



83 



Lemma 5.10. With the definitions above 

p^" >p^- Cs"". (135) 
where again C and c may depend on V and e in addition to Q. 
Proof. As in lemma l5^ it is enough to show that 

P(LE(i?[0,ii]) (jL s£5, LE(i?[0,t2]) C s£i) < Cs-". 

with the same ti and t2. Unlike in sublemma 15.91 this requires no recourse to 
theorem |4| but rather follows directly from lemma 12.131 since this event implies 
that R[t2,ti] 't R{t2) + S(0, si-^/2) whose probability can be bounded by A'(21L/ 
gi-e/2^k _ (jg-c ^j^-]-, same K and k as in lemma l5^ □ 

Summing up CS^, IHSt , JH^, IDTt and we get for some <^G), 

pi" > pi - C(e, a, _ c(5)M'^L"ini (136) 

The only thing left now is to choose e. For e < (^j/2d, we will have A/'^L UH < 
Cs 'EJ'^. This finishes the proof of theorem|5l □ 

5.4. The limit process. In this section we derive consequences from theorem [S] 
we will prove the following theorems: 

Theorem 6. Let G be a d-dimensional isotropic graph with an isotropic interpolation to 
2G. Let V c R'^ be a polyhedron and let a G V. Let P„ be the distribution of the loop- 
erasure of a random walk on 2"P n G starting from 2"a and stopped when hitting (92"P, 
multiplied by 2^". Then P„ converge in the space M.{H{p)). 

Recall that 7Y(A') is the space of compact subsets of X with the Hausdorff metric, 
and M {X) is the space of measures on X with the topology of weak convergence. 
2G is the graph gotten by stretching G by 2 uniformly and possibly multiplying 
all weights by a constant a (this last action does not change the process of course). 
In other words, the theorem holds if for any a there is an isotropic interpolation 
between G and 2G. Strangely enough, in 3 dimensions a will usually not be 1. 

The limit of P„ is called the "scaling limit" (of the loop-erased random walk) 
and G is said to "have a scaling limit". 

Theorem 7. Let G and H be two d-dimensional isotropic graphs with an isotropic in- 
terpolation, and assume G has a scaling limit. Then H has a scaling limit and they are 
identical. 

We start with a proof of theorem |6| In the following we shall abuse notations 
by denoting, for any subset A in a metric space X and any e > 0, 

A + B{e) —{xeX : d{x, A) < e} 

A + B{e) := {x e X :3a e A, d{x, a) < e}. 

We shall also need the following notation: For a set c 2? relatively open, define 
subsets oiUiV), 



(137) 
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Lemma 5.11. Let G, a and V be as in theorem\^and let £i, . . . ,£k CD be open or closed. 
Then for almost every e > Othe limit 

k 

Jim^P„(5(f|£, + B(^)) 

exists. 

Here and below "almost every" can be replaced with "except for a countable 
set". 

Proof. We may replace B{e) with B{e): for £i open £i + B{e) ^ £i + B{e) and for £i 
closed £i + B{e) = £i + B{e) and there is only a countable number of e-s for which 
the closing operation affects the problem at all. Further, we may also assume all £i 
are open, since replacing each with £i + B{S) and then taking S to zero will prove 
the general case. 

Denote by LE the expression LE(i?[0, T(92"I?)]) when n is assumed to be clear 
from the context. Denote 

p{£) := IW P„(5(£)) 

n — >oo 

and similarly p{£). By theorem|Hlwe have 

Pg'''(LE c 2" n £i) ^ P^G^'''(LE c 2"+i n £i) < 

< P^"^''^(LE C 2"+i((nf,) + -S(C2-"'=))) +C2-"'= 
and inductively for any m, 

< P^"''"°(LE C 2"+"((n5,) + S(C(2-"^ + • • • 

+ 2-("+'")'=)))) + C(2""'= + h 2"("+'"''=) < 

< P^"^"''(LE C 2"+"((n£,) + S(C2-"7(1 - 2-'=)))) + 

+ C2-"7(l-2-") < 

< p2:+"° ( LE C 2"+™ n + B(C2-"''))) + C2-"^ 

Taking to to oo we get 

Pg'"(LE c 2" n £i) < p[n{£^ + B(C2-"'=))) + (72""'= 
and taking n to oo gives 

p{f^£i) < lim p{n{£^ + B{e))). 

e— 0+ - 

Now, p{r\{£i + B{e))) is a monotone fimction hence it is continuous except at a 
countable number of points. At each point x of continuity we have 

p(n(£, + B{x))) < lim p{n{£, + B{x + e))) = p{C^{£, + B{x))) < p{n{£, + B{x))) 

e— 0+- - 

hence all the inequalities are equalities. □ 

Remark. It is not very difficult to construct an example of an open set £ (say with 

G = Z'^,V = [i, f]'^ and a = |) such that P„(5(£)) does not converge (construct 
£ that it contains areas £k which become connected only for n above some Nk and 
affect the probability significantly). 
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Lemma 5.12. Let G, a and V he as in theorem^ Let O c H{V) be an open set and let 
e > 0. Then there exists an open set V c H{V) with O c V c O + i3(e) such that 

lim P„(V) (138) 

n — J-oo 

exists. 

Proof. Let E dVhe relatively open, let ui , . . . , Wfe € I? and let a > & > 0. We define 

k 

Q{E, vi,..., Vk,a, b) := S{E + B{a + fe)) n fj I{B{v^,a - b)). 

Our main goal is to show that for Qi , . . . , Q/ with a common a and b, 

Qt QiEi,vi^i, . . .,Vki,i,a,b) 
one has, for every a and almost every b, that 

lim P„(nQO (139) 

n — 'oo 

exists. Collect all the Vij-s into a single list, vi, . . . , Vm, and let / c {1, . . . , m} be 
arbitrary. We use lemma lS^TTl for Ei + B{a) , . . . , Ei + B{a) and for R'^ \ i?(vi, a) for 
all i G /. We get that for almost every < 6 < a, 

fe 

Jim P„(5((f|S, + B(a + 6)) \ ( (J a - fo)) ) ) (140) 
4=1 iei 
exists. Now take some b such that the limit <140> exists for all /. Subtracting <140> 
for a given / from J140> for / = gives that the limit 

fc 

J[im^P„(5( fl + + ^)) ^[jAB{v^,a^ 6))) 

i=l iel 

exists. Since this holds for all /, we can use the inclusion-exclusion principle to 
show that the limit 

k rn 

\im^ P„ (s(^f]E,+ B{a + &)) H f| I{B{v„a - 6))) 

i=l i=l 

exists, which is equivalent to <139t . 

Proving the lemma is now easy. Take a finite set of {Ki}f^^ e O such that 
B{Ki, je) cover O (this is possible from the compactness of H). For each Ki one 
can take Ei = + B{\e) and vi,i, . . . ,Vki.i to be a ie-net in and get that 

B{K,, \e) C Q{E,, vi,„ Vk,^,, \e, b) C B{K„e) VO < 5 < \e. 

Denote this set by Q;. For every / c {1, . . . , i} we use <139t to see that for almost 
every < 6 < ^e, 

lim YJC^Q^) 

exists. Take a b such that the limit exists for all /. By the inclusion-exclusion prin- 
ciple we get that 

L 

lim Fn([j Qi) 

1=1 

exists. Define V = UQi and the lemma is finished. □ 
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Proof of theorem^ Let / : H{T>) [0, oo) be a continuous function. Let e > and 
define 

O, = oo). 

Then 

oo oo 

e^^lo. </<e(l + ^lo. 

1=1 4=1 

By the compactness of H there exists some 5 > such that Oi + B{6) c Oi-i for 
alH > 1 (note that d = for i sufficiently large). For every i > 1 such that 7^ 
use lemma |5J2| to find a d c c Oi-i such that the limit jl38t exists (for larger 
is define Vj = 0). We get 

/P 00 -.00 

/dP„ < IW / e(l + ^lv.)dP„ = lim / e(l + ^ ly,) rfPn 

1—1 2—1 

lim /"efl + ^ lo,]dP„ < 2e+ lim /"/dP„. 



< 



Since e was arbitrary we see that the limit / fdPn exists for any positive /. Any 
function / can be written as — hence we see that the limit exists for any 
continuous /. This finishes the theorem since by compactness, if P,i does not con- 
verge it must have two subsequences converging to different values, which is a 
contradiction. □ 

We now move to the proof of theorem|7| 

Lemma 5.13. Let G be a graph with a scaling limit and let a, V and £1,. . . ,£k be as in 
lemma \^H\ Then for almost every e > 0, 



lim P„(5(n(£, +B(e)))) 

n— >cx3 

exists. 



Proof. As in lemma B.lll we may assume all £i are open and replace B with B. 
Denote p{£) and p{E) as in lemma ISAll If they are different on n(£i + B{x)) for an 
uncountable number of t-s, then one of them would be a continuity point for both 
p and p. Hence we get an interval [a, /?] such that 

p{r\{£^ + B{x))) <A<B< p{n{£^ + Bix))) V.T e [a,/3]. 

Define now 

fi{K) := iam{x : K C n(£, + B{x))] K G 7i(V) 

{1 ^l{K) < a 

^,{K) > (i 

linear in ^{K) otherwise. 

It is easy to see that / is continuous on 7i. Therefore by the definition of scaling 
limit, one must have that 

lim / /dP„ 
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exists. However, 

lim [ fdPn < lim P„(5(n(£, + B(/3)))) < A 
lim / fdPn > Ita^ P„(5(n(£^ + B{a)))) > B 



n — ^oo 

which is a contradiction. □ 

Lemma 5.14. Let G and H be as in theorem\7\and let a,'D,£i, . . . ,£1^ and e be as in 
lemma \^H\ Then for almost all e > 0, 



lim Pi'^(2-"LEcn(f, + B(e)))== lim ''(2-" LE C n(£:^ + B(e))). 

n — 'OO n — *oo 

In particular both limits exist. 
Proof sketch. Denoting 

Pg(a;) liS p2:'^(2-"LE C n{£, + B{x))) 

n — *oo 

a calculation analogous to that of lemma lS.lll gives that 

Pr^ix) < lim p (x + e) Ph{x) < lim Pq{x + e) 

hence the lemma holds for every x which is a continuity for all p and p and for 
which p^{x) = Pq{x). Lemma 15.131 is used here to show that this last condition 
holds almost everywhere. □ 

Lemma 5.15. Let G and H be as in theorem^and let O and e be as in lemma \5J2\ Then 
there exists an O C V C O + B{e) such that 



lim Pg'°(2-"LE e V) = lim P|^'°(2-"LE e V). 

n — 'OO n — *oo 



The proof of this lemma is a complete analogue of the proof of lemma 15.121 
Concluding theorem|7|from it is similar to the conclusion of theorem|6lfrom lemma 
151^ We shall oirut both. 



6. Examples 
We start with a lemma on continuous f imctions 



Lemma 6.1. Let f be harmonic on B{0, 1) and continuous on B{0, 1), and assume that 
on dB{0, 1) / is and satisfies 

<1, ||/||i,oo<^ 11/112,00 <Af' V*,j 



for some N > 1. Then \df/dx,\ < CN inside B{0, 1). 

The notation ||/||fe,p stands for the Sobolev norm, which in this case simply 
means ||/||i,oo = msxx,i \{df /d6i){x)\ and similarly for second derivatives. 

Proof. The value of / inside -6(0, 1) is related to the value on the boundary by the 
Poisson kernel, 

JdB{0,l) IF-J/II 
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where dy is the surface area measure on dB{Q, 1) normalized to be a probabiUty 
measure. This immediately gives an estimate in the ball B{0, i) since 

ny)^'Ti^,dy<C [ f{y)dy<C. 

OXr JaB{0,l) ^X^\\x-y\\'' J 03(0,1) 

Hence we need to estimate the derivatives only near the boundary. 

Let now i?(0,l)\i?(0,i), let^be some direction on the sphere and let be 
a rotation by e around the pole orthogonal to x and 2- + e6' in the direction 9. Then 
the rotational invariance of the Poisson kernel allows to write 

^(x) = iim/ /(^)"/mi/) . i-iNP ,^< 

do <'^^JdB{o.i) e l|a;-2/|P 

ias(o,i) \\^-y\\ 

Since | |x| | > ^ we get that the tangent derivatives are < 2N . Therefore the lemma 
will be proved once we get a similar estimate for the radial derivative. 

A calculation similar to J141> shows that |(9^//9xf | < 4iV^ for Xi a tangent di- 
rection. Hence by the harmonicity of / we get |9^//9r^| < A{d — l)iV^. Examine 
now a point x e 35(0, 1). Since < 1 and |/(a;(l - l/iV))| < 1 there must 

be a point y on the interval [x, x{l - l/N)] such that \{df/dr){y)\ < 2N. With the 
boimd on d^f/dr^ this gives that \{df /dr)(x)\ < CN. This allows to bound df /dr 
everjrwhere since 

df, , / fiy)~fiy-e/\\x\\) 

— {x) = hm / dy = 

or e-*o+ jg5(o,i) ^ - y\\ 

dB{OA) or \\x~y\V \\x\\ 

Our purpose at this point is to prove that 1/^ and 21/^ have an isometric interpo- 
lation, which will allow to invoke theorem|6] We start with the case = 3 and for 
which we weight 21? by 2 i.e. assume all the edges have weight 2 (the statement 
of theorem |6l page 1831 allows us to do so). We shall show this for a = i (the a 
from the definition of isotropic interpolation, <116t on paee l77> . Therefore assume 
L > 6 and M < L^/^ (6 is our choice for the C from ESJ). Let ^ e {1, 2}^^'. We 
need to construct a graph G = G(L, M, ^). We do it as follows. 

Vertices For every (x, ?/, z) e {0, . . . , Af — 1}^ such that ^(x, y,z) — 1 we take 
every point of 1? n [Lx, Lx + L) x [Ly, Ly + L) x [Lz, Lz + L) to be a 
vertex of G. We call such vertices "vertices of type 1". If ^(x, y, z) ~ 2 
we take every point of 21? n [Lx, Lx + L) x [Ly, Ly + L) x [Lz, Lz + L) 
to be a vertex of G and call it a vertex of type 2. Outside [0, LM)^ we 
choose between 7? and 27? by a majority vote on ^ (or in any other 
way that gives 1 for ^ = 1 and 2 for ^ = 2). 

Edges Two vertices of type 1 will have an edge if and only if their distance is 
1, and in this case the edge will have weight 1. Two vertices of type 2 
will have an edge if and only if their distance is 2 and in this case the 
edge will have weight 2. If w is of type 1 and w of type 2 then we need 
to find the vertex x of type 1 closest to w (usually |x — w| will be either 
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V — X LU = 1 

\v~x\:^l LU = 1/2 

\v~x\=V2 cj = l/4 

Figure 6: Lower-left square are vertices of type 1, upper-right are vertices of type 
2. The weights uj are under the assumption that jw — = 1; otherwise divide all 
weights by 2. 



1 or 2); and define the weight by 




|,_,].^. (142) 

otherwise 

(0 here means no edge). See figure|6| 
Requirements and | (ii)| f rom the definition of an isotropic interpolation are obvi- 
ous. Hence the only thing we need to show is that these graphs are isotropic. It is 
clear that G is always a Euclidean net so we need to verify the more delicate condi- 
tion on exit probabilities in the definition of an isotropic graph (paeeETl. This will 
follow from a comparison of the continuous and discrete Laplacian. Let therefore 
/ be a continuously harmonic function in a ball of radius 3 around some vertex v. 
Let A be the discrete Laplacian. Then 

(i) If d{v, X) > 2 for any square X of the form {Ln} x [0, LM] x [0, LM], 
[0, LM] X {Ln} X [0, LM] or [0, LM] x [0, LM] x {Ln} (n € {0, . . . , M}), 
then iAf){v) < C\\f\ |4,oo, the Sobolev norm being on the ball B{v, 3). In a 
ball of radius r there are no more than C{r^ /L + r"^) points not satisfying 
this condition. 

(ii) If d{v,X) > 2 for any segment X of the form {Ln} x {Lm} x [0,LAf], 
{Ln} X [0, LM] X {Lm} or [0, LM] x {Ln} x {Lm} {n, m e {0, . . . , A/}), 
then (A/)(i;) < C||/||2,oo- In a ball of radius r there are no more than 
C{r^ / L"^ + r) points not satisfying this condition. 
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(iii) Foranyi;, {Af){v) < C||/||i,oo. 
Seeing |(i)|(iii)| is not difficult. Write a Taylor expansion for / around v of order 4, 2 
or 1 respectively, write 

{Af)(v) = Y,uj{v,w){fH-f{v)) 

and calculate and see that all terms except the error term vanish. Note that case 
|(ii)| is the one where all the fancy weights in the "stitching" between Z'^ and 
are needed, and also the reason we had to take 2Zi^ to have all the weights 2. In 
fact |(iii)| holds in any graph with bounded degree. 

Lemma 6.2. A 3-dimensional Euclidean net satisfying \(i)l(iii)\ is isotropic. 

Proof. By the definition of an isotropic graph, we need to take some v E G, some 
r > 0, and a spherical triangle A c dcontB{v, r). We may assume that r > 1 since 
otherwise l|27| holds automatically for K > 2. Let A' = {x £ A : d{x, dA) > r^/'"'} 
and := {x e dcontB{v,r) : d{x,A) < r^^^}. A^ could be empty and could 
be all of dcontB{v, ?■) but anyway we always have 

J lA- + Cr-'^' > / lA > / 1a+ - Cr-V5 

where / here is with respect to the surface area measure on dcontB{v, r), normal- 
ized to have total area 1. The first step is to find two functions /~ and /+ on 

5contS(t;, r) such that 1 1/- 1 U^oo, 1 1/+ 1 |fc,oo < Cr-^fc/s for fc = 1, . . . , 5 and such that 

r < 1a- < 1a+ < /+, I .r + Cr-^"' > y 1.4 > y /+ - (143) 

It is easy to construct such an For example, start with a spherically symmetric 
function 77 which is 1 in a spherical cap of radius r^/^ and supported in a spherical 
cap of radius 2r^/^, ||7]||fe.oo < Cr^"""'/^. Cover the sphere with a locally finite 
family of translations {Ti, . . . , r,„} of the r"*/^ cap (so that Tj{r]) > 1), and 
define := Ti{ri)/J2j Tj{ri) so that the form a division of unity. Define to 
be the sum of all supported inside A^ and /+ to be the sum of all such that 
supp n ^ 0. Verifying all the properties of and is easy. 

We wish to discretize <143> . Let A* c dB{v, r) be a discrete version of A as in 
the definition of isotropic graphs. We want to find functions and satisfy- 
ing l ll43t (with the integral being with respect to the discrete harmonic measure 
of dB{v, r) starting from v). We shall only show the construction of F^ — the 
construction of F^ is identical. 

Stretch to dB{v, r+X) where A is some constant such that dB{v, r) C B{v, r+ 
A) — for Z'^ and 2Z'^ we can take A = 3. Extend to a harmonic function 
on B{v, r + X) continuous on B{v, r + A). Call this extension and notice that 
I Iff^ I U.oo < C'r^'"'/^ for k = 1, . . . , 4 (this follows from using lemma l6Al for rescaled 
versions of and its derivatives). Let a{w, x) := —G{w, x; B{v, ?')) be the discrete 
Green function. Define the following "correction" for g^: 

D\w):= (A5')(^)«K^)- 

xeB(v.r) 

Because Aa(-,x) is a delta function at x, we get that g^ := g^ — is discretely 
harmonic on B{v, r). We also note that g'^ = g^ on dB{v, r). What we need is to 
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estimate at v. Recall the estimate a{v,w) < C\v — w| ^ from lemma l23liT2t . 
Summing on points of type|(i)|we get that 

Llog2 r] 

^ \{Ag'){x)a{v,x)\<Cr-''/' ^ ^ a{v,x) < 

X of type|(i)l s=0 2= <\v~x\<2 = + ^ 

[Iog2 rj 

<C^-i6/5 g 4«<Cr-6/5. 

Points of type |(ii)| have a worse estimate, but are fewer. In particular, a ball of 
radius 2" around v will contain no more than C miii(8*/L + 4-', L^M^) such points. 
Assume first that r < LM which implies L > j-^/io 

|(A.gi)(x)aKx)| <Cr-«/5^°f;^ ^ aiv,x) < 

X of typep)! s=0 2 = <|t>-x|<2 = + i 

Ll°g2rJ 

s=0 

If r > LM (which implies M < r^/^^) a similar calculation shows that 

[log2 rJ 
.s=llog,_ LM\ 

Finally, for points of type |(iii)] we get that a ball of radius 2* will contain no more 
than C min(8''/L^ + 2*, LAP) and an identical calculation shows that 

Y \i^9^)iv)a{v,w)\ < + Cr-3/5. 

w of type |(iii)| 

Summing these three terms we get 11)^(1') | < Cr^^/^. 

The only reason not to use directly is that ^ 1a' on dB{v, r). We do have, 
on dB{v, r) that g^ = g^ < 1, but we need to correct g^ to be outside A*. Let 
■w G dB{v, r) \ A* and let w' = w-^^. Then 

g'{w) ^ g\w) ^ f-{w') = r-i / f- (^:,flzl^ dx < 

Jd,.,„,B(v,r) \\W'-X\\-^ 

<r'^ [ ';'7"^'''' dx < C/d{w\ A-) < Ct-^I\ 

J A- \\W'-X\Y 



Hence defining a second correction on dB{v, r) 



f{w) w<^A* 
otherwise 



and extending it to a discretely harmonic function on B{v, r), we get, from the 
discrete maximum principle that D^{v) < Cr~'^/^ . 

Defining = 9^ — the lemma is now easy: By the definition of the har- 
monic measure, J — F^{v) (discrete case) and //^ = / (^^) (continuous 
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case). \F-{v) - f-{v)\ < \D^iv)\ + \D^iv)\ < Cr-^l'^. Therefore 



PA- 



A similar calculation with the similarly defined will show that pA < |^| + 
(^j.-i/5 gQ ^27^ is proved, G is isotropic and the lemma is proved. □ 

Conclusion. Lemma 16.21 the discussion before that and theorem |6] together show 
that has a scaling limit. Hence theorem^is proved in three dimensions. 

For the case of 7?, we define 2Z^ to have all the weights 1. We construct that 
graphs G{L, M, ^) equivalently, but with the weights defined as follows: If v and w 
are of the same type then the edges between them are as in the three dimensional 
cases and all the weights are 1. If w is of type 1 and w is of type 2 we again find the 
vertex x of type 1 closest to w, and then define 

{1 V = X 

1/2 \v-x\ = l 
otherwise 

(this is the equivalent of <142> '). A figure can be foimd in |k1 figure 1, page 10]. The 
equivalents of |(i)|(iii)| from paeel89lare 

(i) If d{v, X)>2 for any segment X of the form {Ln} x [0, LM] or [0, LM] x 
{Ln} (n e {0, . . . , M}), then (A/)(w) < C||/||4,oc. In a baU of radius r 
there are no more than Cir^ jL + ?-) points not satisfying this condition. 

(ii) If d(v, X) > 2 for any point X of the form {£n} x {Lm\ {n, me {0, . . . , 
M}), then (A/)(u) < C||/||2,oo- In a ball of radius r there are no more 
than C(r^/L^ + 1) points not satisfying this condition. 

(iii) Foranyz;,(A/)(i;) <C||/||i,oo. 

Which are easy to verify, and as in the three dimensional case, the definition of w 
at the stitches is used only for |(ii)| The equivalent of lemma l6^ is proved in the 
same way (indeed, it is simpler as the construction of / and g is easier; and since 
the estimate a{v,w) « log |u — means there is no reason to divide into shells of 
size 2^* as in the three dimensional case). This shows that has a scaling limit, 
and concludes theorem^] 

Conjecture. Any non-trivial stitching ofU^ and is an isotropic graph. 



In other words, while condition |(ii)| obviously does not hold unless we insert 
weights in a manner similar to ^142> . the conjecture states that the graph G(L, ^) 
would be isotropic even if we, for example, just connect every vertex of type 2 to 
the nearest vertex of type 1 and give the edge weight 18^^. Be forewarned that 
the weighting of 2Z'' by 2 (in the three dimensional case) is very much needed. A 
simple resistance calculation would show that, for example for ^ = 1 on [0, M/2] x 
[0, M — 1]-^ and 2 otherwise, the graph G(L, ^) can never be isotropic (no matter 
what you put in the connecting layer) unless the edges of length 2 are weighted 
by 2. 
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6.1. Invariance. The definition of the scaling limit immediately implies that it is 
invariant to multiplication by 2, meaning that if /^t(I?, a) is the scaling limit of loop- 
erased random walk on n 2"P starting from 2"a then /i(2I?, 2a) = 2/^(P, a) 
where the notation "2fi" stands for a stretching of /i by 2 in the natural way. 

In this section we give a few examples of additional invariances fi satisfies. 
The first example is multiplication by 3. In other words, we want to show that 
/i(3I?, 3a) = 3/^(1?, a). A moments reflection shows that this will follow if we show 
that Z-^ and 3Z'^ have the same scaling limit, which would follow by theorem |7| 
if we show they have an isotropic interpolation. We follow the same guidelines 
as in the previous section. Define G{L, AI, £_) as Z'^ and SZ'^ with weight 3 on the 
internals of the cubes. In the stitches we let x be the closest vertex of type 1 to w 
and then define 

{1 V ^ X 

2/3 |w - xl = 1 or V2 
1/3 \v-x\^2orVS. 

As in the previous section, a calculation verifies |(ii)| which implies lemma 16.21 
isotropic interpolation and, with theorem|7| the invariance of /i. 

Since (as is well known) the numbers 2'^'3^" are dense in M, this shows that /i 
is in fact invariant to a dense set of multiplications. We shall now sketch a simple 
continuity argument which shows that /^t is in fact invariant to all multiplications. 
Let a > 1 and examine the situation of theorem|5J i.e. we have the graphs Z,^ and 
aZ'^, some a e £ (IV and some s > 0. We use theorem|5lfor Z'^ and 2Z^ repeatedly 
and rescale (as in the proof of lemma l5.ll> to get that for any k, 

P|3""(LE(i?) C 2''s{£ + S(0,Cs~=))) > PJ?(LE(i?) C s£) - Cg-". 

Next we use theorem |5] for Z,^ and 3Z'^ repeatedly and rescale in the opposite di- 
rection to get that, as long as 2'''3^" > 1, 

F'^3^'"'"'{LE{R) C 2'^'3-"s(f + Cs-'BiO, 1))) > PJ^(LE(i?) C s£) - Cs-"". 

Notice that the various constants do not depend on k and n — in fact we can get 
as close as we want to a, until 2'''3""X' n Z^ ^ aV n (and ditto for £), with 
no price to pay. There might be a problem that the point of 2'^3^"Z'^ closest to a 
might be different by C from the point of aT) D Z^ closest to a, but we have lemma 
l4.15l to show us that this affects the relevant probabilities by no more than Cs^'= as 
well. Thus the conclusion of theorem|5]holds for I? and aZ^ and therefore so does 
theorem|7| 

We next move to rotations. Examine the lattice G in M'^ spanned by the vectors 

(4, 3,0), (3, -4,0), (0,0, 5). 

Since the vectors are orthogonal and of equal length, condition [(i)] will continue 
to hold. By now the reader should have only technical difficulties in producing a 
stitching of G and, for example, 25Z'^ with the weights being 5, which will satisfy 
condition |(ii)| in fact our lattice is invariant to translations by 25Z'^ which reduces 
the verification of |(ii)| to a small number of cases. Therefore G and 25Z'^ have 
an isotropic interpolation and the same scaling limit. This shows that the scaling 
limit is invariant to rotations by arctan | around the z axis. As is well known 
and not difficult to see, arctan | /tt is irrational so the semigroup created by this 
rotation is dense, and a similar continuity argument can be used to show that /i is 
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invariant to any rotation around the z axis. Since /i is clearly invariant to a change 
of coordinates, and since any rotation is a combinations of three rotations around 
the axes, we see that /i is invariant to all rotations. 
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